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The  evaporation  time  of  dense,  cylindrical  clusters  of  drops  in  vortical  flows 
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B.  INTRODUCTION 


This  report  describes  research  performed  during  FY'87-FY'89  at  the  Jet 
Propulsion  Laboratory  on  the  Modeling  of  Drop  Containing  Turbulent  Eddies. 

C.  OBJECTIVES 

The  objective  of  this  effort  was  to  develop  a  model  of  the  behavior  of  a  single 
drop-containing  turbulent  eddy. 

0.  APPROACH 

The  approach  was  characterized  by  a  step-wise  progression  towards  our  objective 
in  order  to  insure  that  the  simplest  model  capturing  the  crucial  aspects  of  the 
drop-eddy  interaction  was  developed.  In  this  manner  enough  realism  is  embedded 
into  the  model  to  qualitatively  describe  the  physical  picture,  while  the 
simplicity  makes  this  model  a  good  candidate  for  further  development  in  order  to 
develop  quantitative  capabilities. 

E.  RESULTS 

Initially,  the  idea  was  to  use  contour  dynamics  methods  to  describe  the  vortex 
motion  and  to  couple  to  this  the  particle  behavior.  For  this  reason,  Caltech 
was  issued  a  subcontract  to  look  into  transport  and  mixing  in  vortical  flows. 
Two  publications  (see  Appendix  1  and  Appendix  2)  and  three  conference 
presentations,  including  an  invited  presentation,  were  the  results  of  this  work 
[see  items  VII  (4)  and  VII  (5)  in  the  Summary]. 

However,  it  turns  out  that  preliminary  work  (see  Appendix  3)  focussing  on  heat 
and  mass  transfer  across  the  surface  of  a  cluster  embedded  in  a  turbulent  flow 
showed  that  instead  of  the  cluster  volume  evolving  at  a  rate  consistent  with 
evaporation  such  that  all  new  vapor  stays  inside  the  cluster,  there  is 
substantial  mass  transfer  across  the  cluster  surface.  The  situation  where  the 
cluster  volume  evolution  is  such  that  all  evaporated  mass  stays  within  the 
cluster  is  amenable  to  a  contour  dynamics  description  because  the  contour  lines 
are  streamlines,  however  if  mass  crosses  the  cluster  boundary  this  description 
is  no  longer  valid.  This  preliminary  model  showed  that  transport  across  the 
cluster  boundary  is  important  and  that  other  alternatives  to  the  contour 
dynamics  methods  must  be  found. 

Additionally,  this  model  showed  that,  in  absence  of  vortical  motion  inside 
the  cluster,  a  cluster  of  evaporating  drops  always  contracts  initially  due  to 
heat  transfer  from  the  gas  phase  to  the  liquid  phase.  For  dilute  clusters  of 
drops,  there  is  little  contraction  because  there  is  not  much  liquid  mass,  and 
after  this  initial  contraction  the  cluster  volume  stays  basically  constant.  In 
contrast,  for  dense  clusters  of  drops  there  is  strong  contraction  and  a  recovery 
ensues.  This  recovery  is  due  to  transport  of  surrounding  hot  gas  to  the 
cluster,  across  its  boundary.  The  amount  of  recovery  increases  as  turbulence 
levels  in  the  surrounding  gas  increase  and  also  as  the  initial  radius  of  the 
cluster  decreases.  It  was  also  shown  that  the  evaporation  time  is  a  strong 
function  of  both  turbulence  levels  and  initial  relative  velocity  between  drops 
and  gas  in  the  dense  cluster,  regime,  whereas  the  evaporation  time  is  not  a 
function  of  either  turbulence  or  relative  velocity  in  the  dilute  cluster  regime. 
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Just  as  important,  it  was  found  that  the  evaporation  time  is  a  strong  decreasing 
function  of  the  initial  cluster  radius  in  the  dense  cluster  regime  and 
independent  of  the  initial  cluster  radius  in  the  dilute  regime/  Thus, 
turbulence  is  seen  to  be  important  in  two  ways:  First  it  can  break  the  spray 
into  clusters  and  the  smaller  is  the  cluster,  the  shorter  is  the  evaporation 
time.  Second  it  brings  hot,  unvitiated  (by  fuel)  vapor  from  the  surroundings, 
thereby  promoting  evaporation.  The  present  results  show  that  evaporation 
control  should  be  envisaged  near  the  atomizer,  where  the  spray  is  dense,  because 
it  is  precisely  in  this  regime  that  turbulence  has  the  greatest  effect. 

Based  upon  the  above  results  it  was  decided  that  since  transport  processes 
across  the  cluster  boundary  were  so  important,  the  model  describing  the  radial 
motion  of  the  drops,  and  thus  the  cluster  boundary  motion,  must  be  improved. 
With  this  new,  improved  model  comparisons  were  made  (see  Appendix  4)  between 
four  models  based  upon  combinations  of  two  different  turbulence  models 
(transport  to  the  cluster)  and  two  different  models  of  drop  radial  motion 
(transport  from  the  cluster).  The  results  (see  Appendix  4)  showed  that  the 
evaporation  time  is  insensitive  to  the  models  in  the  dilute  cluster  regime;  that 
all  models  have  same  qualitative  behavior  in  the  dense  cluster  regime;  and  that 
the  quantitative  predictions  are  different  for  the  four  models  in  the  dense 
cluster  regime. 

All  models  show  that  the  evaporation  time  is  an  increasing  function  of  the 
initial  cluster  radius,  with  a  strong  dependence  in  the  small  cluster  radius 
regime,  however  quantitatively  the  evaporation  time  is  a  function  of  the  model. 
It  was  also  found  that  the  ratio  of  fuel  mass  lost  to  the  initial  fuel  mass  is  a 
decreasing  function  of  cluster  radius  because  for  smaller  clusters  the  surface 
to  volume  ratio  is  larger  thus  enhancing  evaporation.  These  results  were 
qualitatively  the  same,  independent  of  the  turbulence  levels,  however,  for 
larger  turbulence  levels  the  ratio  was  larger.  In  contrast,  the  ratio  of  the 
total  mass  lost  from  the  cluster  to  the  initial  mass  was  shown  to  be  insensitive 
to  the  initial  cluster  radius,  except  for  very  small  clusters.  These  results 
show  that  in  order  to  evaluate  and  improve  models,  experimentalists  must  make 
measurements  in  the  dense  cluster  regime  and  for  small  clusters,  where  the 
sensitivity  of  the  results  is  highest. 

All  the  above  results  were  obtained  for  clusters  of  drops  moving  axially  in  a 
flow.  Thus  both  drops  and  gas  in  the  cluster  had  an  axial  and  a  radial  velocity 
component,  the  radial  component  accounting  for  cluster  expansion  or  contraction. 
The  pertinent  points  of  -the  studies  of  drops  in  such  spherical  clusters  are 
described  in  Appendix  5. 

In  order  to  describe  the  behavior  of  collections  of  drops  in  large,  coherent 
vortices  such  as  have  been  observed  in  the  shear  layer  between  the  spray  and  the 
surrounding  gas^»‘l,  another  configuration  was  studied.  In  this  new 
configuration,  a  single  longitudinally  infinite  vortex  with  an  infinitely  thin 
viscous  core  contains  a  cluster  of  drops.  Uniformity  is  assumed  in  the 
longitudinal  direction  and  thus  the  model  is  formulated  for  a  section  across  the 
longitudal  axis.  The  cluster  of  drops  has  also  a  cylindrical  geometry  with  an 
inner  radius  and  an  outer  radius  both  located  within  the  free  part  of  the 
vortex.  Thus  the  drops  form  a  cylindrical  shell  inside  the  vortex  with  the 
inner  surface  of  the  shell  being  initially  located  either  at  a  finite  location 
or  infinitesimally  close  to  the  vortex  center.  In  this  new  configuration  both 
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drops  and  gas  have  radial  and  azimuthal  velocities  which  are  functions  of  time 
and  the  radial  coordinate  from  the  vortex  center.  The  drag  force  incorporates 
blowing  effects  from  the  drop  surface  as  the  drop  evaporates.  The  model  is 
described  in  detail  in  Appendix  6.  Results  obtained  with  this  model  show  that 
the  evaporation  time  is  a  strong  function  of  the  initial  solid  body  rotation  of 
drops  and  a  weaker  function  of  tne  initial  solid  body  rotation  of  the  gas  in  the 
dense  cluster  regime.  In  the  dilute  cluster  regime  the  reverse  is  true.  The 
initial  irrotational  drop  motion  and  initial  gas  solid  body  rotation  affect 
evaporation  in  both  dense  and  dilute  regimes.  It  is  also  found  that  the  ratio 
of  the  final  (when  the  drop  residual  radius  is  5%)  to  initial  volume  ratio  is  a 
decreasing  function  of  the  initial  air/fuel  mass  ratio  because  for  denser 
clusters  the  centrifugal  force  is  higher  due  to  the  larger  amount  of  mass  in  the 
cluster.  The  volume  ratio  was  shown  to  be  highest  for  largest  initial  solid 
body  rotation  of  the  drops.  The  ratio  of  the  final  to  initial  shell  thickness 
of  the  cluster  was  also  shown  to  be  a  decreasing  function  of  the  initial 
air/fuel  mass  ratio.  This  was  explained  by  the  fact  that  irrotational  motion 
tends  to  pack  the  cluster,  whereas  solid  body  rotation  tends  to  pull  the  cluster 
apart.  Since  the  initial  irrotational  gas  motion  was  taken  higher  than  that  of 
the  drops,  as  the  drops  move  out  radially  they  lose  solid  body  rotation  and 
acquire  irrotational  motion.  Since  the  same  momentum  is  transferred  to  more 
mass  as  the  air/fuel  mass  ratio  decreases,  the  irrotational  drop  motion  will 
increase  less.  Thus  solid  body  rotation  will  be  more  important  yielding  a 
thicker  shel 1 . 

One  of  the  most  important  results  of  this  study  was  the  finding  that 
although  the  evaporation  time  does  not  correlate  with  the  initial  Stokes  number, 
in  the  dense  cluster  regime  both  the  volume  ratio  and  the  shell  thickness  ratio 
do  correlate  with  the  initial  Stokes  number.  The  reasons  for  this  are  explained 
in  detail  in  Appendix  6,  and  thus  will  not  be  repeated  here.  The  important 
conclusion  is  that  this  correlation  provides  a  way  of  qualitatively  checking 
this  theory  without  necessarily  needing  a  precise  measurement  of  the  drop  number 
density  providing  that  one  makes  the  measurements  in  the  dense  cluster  regime 
and  that  one  can  distinguish  between  two  clusters  which  one  is  denser. 

Parametric  variations  with  the  initial  cluster  radius  show  that  the 
evaporation  time  can  be  substantially  reduced  by  decreasing  the  initial  cluster 
radius  in  the  small  cluster-radius  regime.  Details  on  the  parametric  variation 
are  given  in  Appendix  6. 
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We  examine  the  transport  properties  of  a  particular  two  dimensional,  in  viscid  incompressible  flow  using  dynamical 
systems  techniques.  The  velocity  field  is  time  periodic  and  consists  of  the  field  induced  by  a  vortex  pair  plus  an 
oscillating  strain-rate  field.  In  the  absence  of  the  strain-rate  field  the  vortex  pair  moves  with  a  constant  velocity 
and  carries  with  it  a  constant  body  of  fluid.  When  the  strain-rate  field  is  added  the  picture  changes  dramatically, 
fluid  is  entrained  and  detrained  from  the  neighborhood  of  the  vortices  and  chaotic  panicle  motion  occurs.  We 
investigate  the  mechanism  for  this  phenomena  and  study  the  transport  and  mixing  of  fluid  in  this  flow.  Our  work 
consists  of  both  numerical  and  analytical  studies.  The  analytical  studies  include  the  interpretation  of  the  invariant 
manifolds  as  the  underlying  structure  which  govern  the  transport.  For  small  values  of  strain-rate  amplitude  we  use 
Melnikov's  technique  to  investigate  the  behavior  of  the  manifolds  as  the  parameters  of  the  problem  change  and  to 
prove  the  existence  of  a  horseshoe  map  and  thus  the  existence  of  chaotic  particle  paths  in  the  flow.  Using  the 
Melnikov  technique  once  more  we  develop  an  analytical  estimate  of  the  flux  rate  into  and  out  of  the  vortex  neigh¬ 
borhood.  We  then  develop  a  technique  for  determining  the  residence  time  distribution  for  fluid  panicles  near  the 
vortices  that  is  valid  for  arbitrary  strain-rate  amplitudes.  The  technique  involves  an  understanding  of  the 
geometry  of  the  tangling  of  the  stable  and  unstable  manifolds  and  results  in  a  dramatic  reduction  in  computational 
effon  required  for  the  determination  of  the  residence  time  distributions.  Additionally,  we  investigate  the  total 
stretch  of  material  elements  while  they  are  in  the  vicinity  of  the  vortex  pair,  using  this  quantity  as  a  measure  of  the 
effect  of  the  horseshoes  on  trajectories  passing  through  this  region.  The  numerical  work  verifies  the  analytical 
predictions  regarding  the  structure  of  the  invariant  manifolds,  the  mechanism  for  entrainment  and  detrainment,  and 
the  flux  rate. 


•Present  address:  The  James  Franck  Institute,  The  University  of  Chicago,  Chicago  IL  60637 
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1.  Introduction 

In  most  fluid  flows  of  interest,  transport  and  mixing  are  dominated  by  convective  processes  so  that 
the  relative  modons  of  fluid  panicles  are  all  important.  Unfortunately  panicle  mouon  is  generally  more 
complex  than  the  underlying  fluid  dynamics.  For  example,  while  the  motion  of  three  point  vortices  in  an 
unbounded  domain  is  integrable,  particle  motion  in  this  flow  can  be  chaotic  (Aref  [1983])  and  certain 
simple  steady,  spatially  periodic  solutions  to  the  Euler  equations  in  three  dimensions,  known  as  ABC 
(Arnold.  Beltrami  and  Childress)  flows  yield  chaotic  particle  motion  (Dombre  et  al.  [1986]). 

Of  course,  if  the  fluid  dynamics  is  sufficiently  simple  then  particle  motions  are  integrable  and  a 
direct  analytical  attack  on  the  problem  may  be  fruitful.  An  example  in  this  class  is  the  analysis  of  a 
diffusion  flame  by  Marble  [1985],  involving  the  rolling  up  of  an  initially  plane  interface  in  the  flow  of  a 
viscous  line  vortex  in  two  dimensions.  At  the  other  end  of  the  scale,  when  the  flow  is  turbulent,  direct 
numerical  integration  of  the  Navier  Stokes  equations  plus  convective  equations  for  passive  scalars  (Kerr 
[1985],  Pope  [1987])  is  a  computational  approach  to  mixing  problems,  whereas  a  theoretical  approach 
might  consist  of  constructing  reasonable  physical  models  for  mixing  processes  (Bnoadwell  [1987], 
Dimotakis  [1987],  Kerstein  and  Ashurst  [1984]).  In  this  paper  we  consider  an  intermediate  case,  one  in 
which  the  flow  is  relatively  simple  but  the  panicle  motion  is  chaotic.  We  show  that  the  recent  rapid 
development  in  the  theory  of  nonlinear  dynamical  systems  and  chaotic  phenomena  gives  much  hope  for 
a  rather  extensive  analysis  of  particle  motion  in  such  flows.  Indeed,  the  dynamical  systems  approach  to 
the  study  of  fluid  flows  is  very  similar  in  spirit  to  the  flow  visualization  techniques  utilized  in  the 
experimental  study  of  coherent  structures  in  the  sense  that  dynamical  systems  theory  is  concerned  with 
the  global  topology  of  the  flow  from  a  La  gran  gi  an  point  of  view.  Since  to  good  approximation 
temperature  and  mass  move  with  the  fluid  velocity,  understanding  the  structures  governing  particles 
motion  in  fluid  flows  is  necessary  for  interpretations  of  flow  visualizations  (the  visualization  of  motion 
of  mas*  particles)  and  predictions  of  mass  and  heat  transfer  in  technological  applications. 

The  application  of  dynamical  systems  theory  to  the  study  of  the  global  topology  of  fluid  particle 
motions  is  not  new.  The  first  work  appears  to  be  that  of  Herion  [  1966]  who,  acting  on  a  suggestion  of 
Arnold  [1965],  numerically  studied  the  fluid  particle  motions  in  ABC  flow.  Herion  showed  that  the 
flow  contained  KAM  tori  as  well  as  chaotic  motions  of  the  Smale  horseshoe  type.  This  flow  has 
recently  been  the  subject  of  more  extensive  study  by  Dombre  et  al.  [1986].  Chaotic  particle  motions  in 
the  ABC  flows  also  have  relevance  to  the  kinematic  dynamo  problem,  see  Arnold  and  Korione  [1983], 
Galloway  and  Frisch  [1986],  and  Moffatt  and  Proctor  [1985].  Aref  [1984]  made  the  first  explicit 
connection  between  particle  motions  in  two* dimensional  incompressible  flow  and  two-dimensional 
Hamiltonian  dynamical  systems. 

Since  the  study  of  fluid  particle  motions  involves  only  kinematical  considerations,  the  application, 
and  hence,  results  of  dynamical  systems  theory  are  independent  of  Reynolds  number.  For  example, 
Aref  and  Balachandar  [1986]  showed  that  unsteady  stokes  flow  between  eccentric  rotating  cylinders,  in 
which  the  rotation  rate  is  ro'xlulated  periodically  in  time,  can  exhibit  chaotic  particle  motions  of  the 
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Smaie  horseshoe  type.  Thus  this  particular  stokes  flow  is  effectively  nonreve^ible.  This  same  flow  has 
also  been  studied  experimentally  as  well  as  theoretically  by  Chaiken  et  ai.  [19861,  [1987J.  Ottino  and 
coworkers  (see  Chien  et  aL  [1986],  Khakar  et  al.  [1986],  and  Ottino  et  al.  [1988])  studied  chaooc  fluid 
particle  motions  in  a  variety  of  flows,  both  at  small  sod  large  Reynolds  numbers  with  particular 
emphasis  on  using  dynamical  systems  techniques  as  a  theoretical  basis  for  the  discussion  of  mixing 
processes.  Broomhead  and  Ryrie  [1988]  study  fluid  particle  motions  in  the  velocity  held  of  Tvor 
vortices  close  to  the  onset  of  the  wavy  instability  and  demonstrate  the  chaotic  transference  of  flu'd 
between  neighboring  vortices.  Feingold  et  ai.  [1988]  study  models  for  particle  motion  in  three 
dimensional  time  dependent  flows.  Additional  references  applying  dynamical  systems  techniques  to  the 
study  of  fluid  particle  trajectories  are  Suresh  [1985]  and  Arter  [1983]. 

In  this  paper  we  study  fluid  particle  motions  in  the  velocity  field  induced  by  two  counter-rotating 
point  vortices  of  equal  strength  subject  to  a  time  periodic  strain  field.  This  is  a  fundamental  type  of 
flow  which  is  relevant  to  a  wide  variety  of  applications  as,  for  example,  in  the  study  of  oscillatory  flows 
in  wavy  walled  tubes  (see  Ralph  [1986],  Sobiy  [1985],  and  Appendix  1),  in  the  study  of  trailing 
vortices,  and  in  the  study  of  perturbed  vortex  rings  (Shariff  [1989]). 

The  main  difference  in  our  analysis  of  the  topology  of  a  fluid  flow  via  dynamical  systems 
techniques  as  opposed  to  previous  analyses  is  that  rather  than  just  using  the  framework  of  dynamical 
systems  theory  to  give  a  description  of  the  topology  and  indicate  the  presence  of  chaotic  fluid  parncle 
trajectories  we  u^e  the  framework  in  order  to  calculate  physically  measurable  quantities  such  as  fluxes 
and  the  distribution  of  volumes  via  residence  times.  We  do  this  by  first  identifying  the  structures  in  the 
flow  responsible  for  these  physical  processes  and  then  by  using  the  dynamics  of  these  structures  to 
predict  these  physical  quantities.  Thus  in  some  sense  we  realize  the  goal  of  the  study  of  coherent 
structures  for  our  problem.  Additionally,  in  this  paper  we  introduce  two  new  concepts  that  play  an 
important  role  in  the  study  of  mixing  and  transport  processes  due  to  chaotic  fluid  particle  motions. 
They  are: 

1.  Tangle  Dynamics.  In  section  3  we  review  how  the  study  of  particle  motions  in  *wo- 
dimensional  incompressible  time-periodic  fluid  flows  can  be  reduced  to  the  study  of  a  two- 
dimensional  map.  It  is  well  known  in  the  dynamical  systems  literature  that  such  maps  may 
possess  resonance  bands  consisting  of  alternating  hyperbolic  and  elliptic  periodic  points. 
This  has  fluid  dynamical  significance  in  the  sense  that  the  j»able  and  unstable  manifolds  of 
the  hyperbolic  points  create  partial  barriers  to  transport  in  the  flow.  Additionally,  these 
stable  and  unstable  manifolds  may  intersect  many  times  resulting  in  a  complicated 
geometrical  structure  that  dramatically  influences  the  stretching  and  deformation  of  fluid 
elements.  We  develop  analytical  and  computational  techniques  which  we  refer  to  as  tangle 
dynamics  that  allow  us  to  compute  the  rate  of  transport  of  fluid  between  regions  separated  by 
these  partial  barriers.  From  this  information  we  can  compute  residence  time  distnbutions 
and,  more  generally,  determine  the  effect,  of  a  resonance  band  on  a  fluid  element.  tVe 
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develop  these  ideas  in  the  context  of  the  specific  Sow  considered  in  this  paper,  however 
recently  the  methods  have  been  generalized  to  apply  to  any  two-dimensional  time-periodic 
fluid  flow,  see  Rom-Kedar  and  Wiggins  [1989], 

2.  Finite  Time  Stretch.  Ottino  [1988]  has  shown  the  relationship  between  the  notion  of  a 
Liapunov  exponent  from  dynamical  systems  theory  and  the  stretching  of  fluid  elements. 
However,  the  Liapunov  exponent  is  a  quantity  computed  for  a  single  fluid  particle  trajectory 
which  is  time  averaged  in  an  asymptotic  sense.  Thus  there  is  a  practical  limitation  of  this 
quantity  in  that,  for  many  open  flows,  most  fluid  particles  spend  only  a  finite  time  in  the 
chaotic  zone  rendering  the  classical  theory  of  Liapunov  exponents  inappropriate.  This  is  so 
because  the  asymptotic  time  average  for  such  trajectories  would  give  a  zero  exponent 
However,  using  tangle  dynamics  and  proof  of  the  existence  of  chaotic  particle  motions,  we 
are  able  to  determine  which  particles  should  experience  exponential  stretching  and  the  finite 
time  interval  over  which  most  of  this  stretching  will  take  place.  We  then  quantify  the 
stretching  by  considering  the  total  stretch  suffered  during  this  finite  period  of  time. 

This  paper  is  organized  as  follows:  In  section  2  we  derive  the  velocity  field  for  the  oscillating 
vortex  pair  and  in  section  3  we  begin  our  analysis  of  the  velocity  field  by  introducing  the  Poincare  map. 
In  section  4  we  discuss  three  qualitatively  distinct  regions  which  arise  in  our  flow:  the  free  flow  region, 
the  core,  and  the  mixing  region.  We  discuss  tangle  dynamics  and  the  associated  mechanism  for  mass 
transport  in  the  flow  in  section  5  and  we  consider  mass  transport  in  detail  and  give  precise  definitions  to 
the  concepts  of  entrainment  and  detrainment  in  terms  of  tangle  dynamics  in  section  6.  along  with  the 
results  of  numerical  computations.  In  section  7  we  discuss  the  concept  of  chaos  and  show  how  it  arises 
in  our  flow,  and  in  section  8  we  discuss  mixing  and  the  total  stetch  of  fluid  elements  as  they  pass 
through  regions  containing  localized  chaos.  Summary  and  conclusions  are  given  in  section  9. 


2.  Oscillating  Vortex  Pair 


We  examine  the  flow  governed  by  a  vortex  pair  in  the  presence  of  an  oscillating  external  strain-rate 
field.  The  vortices  have  circulations  ±  I"  and  are  separated  by  a  nominal  distance  2d  in  the  y-direction. 
The  stream  function  for  the  flow  in  a  frame  moving  with  the  average  velocity  of  the  vortices  is 


¥■- 


(*  -Xy)2  +  (y  -y,)2 
(x  -Zv)2  +  (y  +)\)2. 


-  Vvy  +  exy  sin  (cor) 


(2.1) 


where  ( x Y(r ),  ±y¥(r ))  are  the  vortex  positions,  e  is  the  strain  rate  and  V¥  is  the  average  velocity  of  the 
vortex  pair.  If  e  =  0  then  (x, .  y,)  *  (0,  d)  and  Vv  =  .  The  equations  of  particle  motion  are 

dy  a*. 

dt  dy  dt  dx 


(2.2) 
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We  show,  as  an  example,  in  Appendix  1  that  this  flow  approximates  the  flow  induced  by  a  vortex  pair 
in  a  wavy-wall  channel.  We  obtain  dimensionless  variables  as  follows: 


x/d  — *  x.  y  id  — *  y , 


n 

2  nd2 


2ndVv 


uv, 


2jicod2 


Y. 


2*4* 


4* 


Then  (2.1)  and  (2.2)  become 


dx 

dt 


(y  -Yv) 


y  +Yv 


[_  (x -xvr  +  (y  -yv)  U  -Xv)2  +  Cy  +Y,)2 


£X 

-  uv  +  —  sin(r/y) 


('2.3  c, 


dy_ 

dt 


=  (x  -x») 


(x  -  Xy  r  +  (y  -  yv  r  (x  -  x,.  )2  +  (y  +  yv  )2 


-  sin (r/y) 


(2.3b) 


Using  the  fact  that  a  point  vortex  is  converted  with  the  flow  but  does  not  induce  self  velocity  we  obtain 
the  following  equations  for  the  vortex  position  locations: 


— r-  =  - ov  -t-  - sin(r/y) 

dt  2yv  y 


(2.4a) 


dr 


eyv 


sin(r/Y) 


(2.4b' 


The  resulting  motion  of  the  vortices  is  relatively  simple.  Equation  (2.4)  with  the  initial  conoiuofw 
Xy  (0)  =  0,  yv  (0)  =  1,  are  easily  integrated  to  give 


J  j"  1  -  2t)v t 
2  o  *■ 


c(co«(i)-l) 


ds 


(2.5a) 


yv(r)  =  e£(0M('^H) 


(2.5b) 


The  requirement  that  the  mean  velocity  of  the  vortex  pair  be  zero  in  the  moving  frame  yields 


u,  = 


2/0(e) 


,  where  /q  is  the  modified  Bessel  function  of  order  zero.  From  (2.5)  it  is  clear  that  the 


vortices  oscillate  in  orbits  near  the  points  (0,  ±  1).  Thus  we  term  the  resulting  flow  given  by  (2.3)  the 
Oscillating  Vortex  Pair  (OVP)  flow. 


Equations  (2.3)  together  with  (2.5)  give  the  equations  of  particle  motion  as  a  function  of  two 
dimensionless  parameters  y  and  e,  proportional  to  vortex  strength  and  strain  rate,  respectively.  For  most 
of  the  analysis  that  follows  e  can  take  on  arbitrary  values.  However  for  the  perturbation  calculations  we 
shall  assume  that  e  is  small  and  will  require  an  expansion  of  the  right  hand  side  of  (2.3)  in  powers  of  e. 
This  expansion  yields  equations  of  motion  for  fluid  particles  which  are  of  the  form  of  a  periodically 
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perturbed  integrable  Hamiltonian  system: 

“  i(x,y)^egl(x,y,t/r,  Y)  +  0(e2)  (2.6a) 

at 

=f2(x,y)^eg2(x,y.tl Y.  yl  +  CKe2)  (2.6b) 

at 

The  functions  /, .  g<  are  given  in  Appendix  2. 

For  e  a  0  the  phase  portrait  of  the  integrable  Hamiltonian  system,  or  equivalently  the  streamlines  of 
the  flow  induced  by  a  vortex  pair  in  the  frame  moving  with  the  vortices,  appears  in  figure  2.1.  Note 
that  for  this  case,  there  are  two  hyperbolic  stagnation  points  connected  by  three  limiting 

streamlines  VPU ,  'Fq  and  'F,  defined  by  *F  (x  ,y ) !  ^  =  0,  |  x|  £  VI,  with  y  >  0,  y  -  0,  and  y  <  0 
respectively.  Thus  a  fixed,  closed  volume  of  fluid  or  "bubble"  is  bounded  by  the  limiting  streamlines 
and  moves  with  the  vortex  pair  for  all  times.  As  we  shall  see  below,  this  picture  changes  dramatically 
when  e  =  0.  Note  also  that  for  any  £,  the  flow  is  symmetric  about  the  x  axis  and  thus  we  need  only 
study  the  flow  in  the  upper  half  plane.  Such  symmetry  would  be  present  in  axisymmetric  flows.  If  the 
strain-rate  field  is  not  aligned  with  the  x  -y  axes  the  straight  line  connecting  the  two  vortices  also 
rotates  periodically,  but  the  qualitative  behavior  of  the  particle  motion  is  the  same  as  that  discussed  in 
the  following. 

Figure  2.1  Streamlines  of  the  Unperturbed  Flow. 

3.  Analysis:  The  Poincare  Map 

We  are  interested  in  the  structure  of  the  flow  generated  by  the  velocity  field  (2.3)  and  how  the 
structure  varies  as  the  parameters  y  and  e  are  varied.  A  brute  force  method  for  achieving  this  goal 
would  be  to  numerically  integrate  (2.3)  for  a  large  number  of  initial  conditions  for  the  range*  of  y  and  e 
values  of  interest  Although  this  would  be  an  efficient  means  for  generating  a  large  list  of  numbers,  it  is 
not  at  all  clear  how  one  would  extract  information  concerning  the  structure  of  the  flow  from  this  list  of 
numbers.  One  might  try  plotting  the  trajectories  of  a  large  number  of  fluid  particles  in  space,  however, 
because  the  velocity  field  is  unsteady,  these  trajectories  may  intersect  themselves  as  well  as  others  many 
times  leading  to  a  complicated  topological  structure  which  might  obscure  relatively  simple  structures 
whose  dynamics  essentially  govern  the  flow.  In  order  to  better  understand  the  dynamics  of  the  unsteady 
flow  generated  by  (2.3)  we  will  study  the  associated  Poincare' map. 

Roughly  speaking,  the  Poincartf  map  of  the  flow  is  constructed  by  associating  to  a  fluid  particle  at  a 
fixed  phase  of  the  external  strain-rate  field  its  location  under  evolution  by  the  flow  after  one  period  of 
the  strain-rate  field.  More  mathematically,  we  rewrite  the  unsteady  two  dimensional  velocity  field  (2.3) 
as  a  steady  three  dimensional  velocity  field  by  introducing  the  phase  of  the  strain-rate  field  as  a  new 
dependent  variable.  We  do  this  by  defining  the  function 
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0(f)  =  t/y  mod  2it 

in  which  case  (2.3)  and  (2.5)  can  be  written  as: 

x  =  -r —  (x  ,y  ,0;e,5) 
ay 

ivi# 

y  =  -  3—  Cr,y.0;e.5)  (3.1) 


0  =  My 

and  for  small  e  (2.6)  becomes: 

*  -  f  \  (x.y)  +  egi  (x,y,Q;y)  +  Ofe2) 

y  =  fi(.x,y)^e.g2(x,y,  0;  y)  +  (Xe2)  (3.2) 

0  =  1/y. 


A  two  dimensional  cross-section  of  the  three  dimensional  phase  space  of  (3.1)  or  (3.2)  is  given  by: 

I5=<  Oc.y.0)  |  0  =  0  6  (0,2jt]i 


and  the  Poincart  map  of  into  £9  i*  defined  as: 


T;  :  I9  ->  2* 


( x  (0),  y  (9»  (1(8  +  2w.y(0  +  2»). 


So  studying  the  flow  via  the  Poincart  map  is  equivalent  to  sampling  fluid  particle  trajectories  at  time 
intervals  equal  to  the  period  of  the  strain-rate  field. 

The  main  advantage  obtained  from  using  the  Po incart  map  to  study  unsteady,  time-periodic  velocity 
fields  is  that  the  technique  tends  to  filter  out  redundant  dynamical  phenomena  and  reveal  the  underlying 
structures  which  govern  various  properties  of  the  flow  such  as  mixing  and  transport.  For  example,  a 
periodic  particle  trajectory  in  the  flow  which  may  have  a  very  complicated  topological  structure  is 
manifested  as  a  finite,  discrete  set  of  points  for  the  Poincart  map.  Many  more  examples  will  follow 
throughout  the  rest  of  the  paper.  Also,  in  Appendix  5  we  collect  several  useful  properties  of  Poincare 
maps. 
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Our  goal  is  to  study  properties  of  the  orbit  structure  of  the  Poincarf  map  in  order  to  discover  the 
structures  necessary  to  predict  mixing  and  transport  properties  of  the  Sow. 


4.  Three  Qualitatively  Distinct  Flow  Regions 

Let  us  recall  the  structure  of  the  unperturbed  velocity  field  now  in  the  context  of  the  Poincare  map. 
In  this  case  the  velocity  field  is  steady  and  fluid  particles  follow  the  streamlines  defined  by  the  level 
curves  of  the  stream  function.  Thus  orbits  of  the  Poincare  map  are  sequences  of  discrete  points  lying  on 
the  streamlines.  The  streamlines  are  examples  of  invariant  curves  or  manifolds  of  the  Poincare  map 
meaning  that  particles  which  start  on  such  a  curve  must  thereafter  remain  on  that  curve  under  all 
iterations  of  the  Poincare  map.  The  stagnation  points  p.  and  p+  are  fixed  points  of  the  Poincare  map. 
Orbits  of  fluid  particles  on  VP„,  and  'Vi  approach  p+  asymptotically  in  positive  time  and  p_ 
asymptotically  in  negative  time.  In  the  terminology  of  dynamical  systems  theory,  and  are 
referred  to  as  the  stable  manifold  of  p+.  denoted  .  and  %  plus  ( -*•  ,  pj  is  the  unstable  manifold  of 
p*.  denoted  W* .  Similarly,  ¥„  and  VF/  are  referred  to  as  the  unstable  manifold  of  p_  denoted  W*.  and 
‘Pq  plus  (  p_ .  <-  )  is  the  stable  manifold  of  p_  denoted  Wi.  Orbits  of  fluid  particles  starting  on  VPU, 
¥0.  and  'P/  are  referred  to  as  heteroclinic  orbits  and  *PB  *P0  \j(pJ  (P-)  and 
'P/  KJ  'Po  Kj(pJ  U  (P-)  ^  said  to  form  heteroclinic  cycles.  For  brevity  we  shall  simply  refer  to  the 
closed  curve  Vu  KJ  (PJ  VJ  (P  -}  as  the  limiting  streamlines. 

Notice  that  fluid  particle  motions  outside  the  region  bounded  by  the  limiting  streamlines  are 
qualitatively  different  than  those  inside  this  region.  We  now  want  to  discuss  more  fully  the  different 
possible  fluid  particle  motions  and  how  they  are  constrained  by  structures  in  the  flow. 

The  Free  Flow  Region.  Under  the  influence  of  the  unperturbed  velocity  field  fluid  particles  outside  the 
region  bounded  by  the  limiting  streamlines  move  from  right  to  left  along  the  unbounded  streamlines. 
We  refer  to  this  as  the  free  flow  region.  Under  the  influence  of  the  externally  strained  velocity  field 
fluid  particles  which  are  sufficiently  far  from  the  limiting  streamlines  behave  in  the  same  manner  as 
those  in  the  unperturbed  velocity  field.  Particles  move  from  right  to  left  as  before  now  with  vertical 
oscillations  but  their  trajectories  never  encircle  a  vortex. 

The  Core.  We  refer  to  the  region  of  fluid  which  is  permanently  trapped  and  hence  moves  with  the 
vortex  pair  for  all  time  as  the  core.  For  the  unperturbed  flow  the  core  is  the  fluid  within  the  limiting 
streamlines  ami  it  contains  two  separate  cells  with  boundaries  C„  =  u  'Po  (pj  \j  (p~)  and 
Cj  » *P/  'Po  u  (p  +}  u  {p  -)•  Fluid  particles  in  the  interior  of  Cu  and  Ct  move  in  closed  paths 
along  the  streamlines  of  the  unperturbed  velocity  field.  We  can  uniquely  label  each  closed  streamline  in 
CM  and  C,  by  the  area  which  it  encloses.  We  label  this  area  by  I  (note:  in  the  context  of  Hamiltonian 
mechanics  I  is  called  the  action,  see  Arnold  [  1978]).  Associated  with  each  closed  streamline  is  a  period 
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T(D  which  is  the  tune  needed  for  a  panicle  starting  on  the  streamline  to  make  one  complete  circuit 
along  the  streamline.  The  period  goes  to  zero  as  the  point  vortices  are  approached  and  to  *•  as  Cu  and 
Ci  are  approached. 


We  now  interpret  this  extremely  simple  motion  of  fluid  parades  in  the  unperturbed  case  inside  C„ 
and  Ci  in  terms  of  orbits  of  the  Poincarf  map.  The  streamlines  in  this  case  are  examples  of  invariant 
curves  of  the  Poincard  map.  That  is.  orbits  of  fluid  panicles  which  stan  on  the  streamlines  must  always 


stay  on  the  streamlines.  There  are  two  types  of  orbits  depending  on  whether  or  not  the  number 


T([) 

2xy 


is 


T(l) 

rational  or  irrational  (note:  in  the  context  of  dynamical  systems  theory  the  number  —  is  referred  to 

2TTf 

as  a  rotation  numoer  ).  These  two  types  of  orbits  behave  very  differently  under  the  influence  of  the  time 
penodic  strain-rate  field. 


r(/)/2rty  =  piq :  p,  q ,  integers.  In  this  case,  every  fluid  particle  on  the  invariant  circle  in  the  Poincare 
map  in  the  unperturbed  case  returns  to  its  original  position  after  q  cycles  of  the  Poincare  map. 
However,  in  the  process  it  makes  p  complete  revolutions  around  the  invariant  circle.  Thus  all  fluid 
particles  on  the  invariant  drcle  move  periodically  with  period  q . 

In  general,  this  situation  can  be  expected  to  change  dramatically  under  the  influence  of  the  nme 
periodic  strain-rate  field.  The  invariant  circle  is  destroyed  and  a  finite  even  number  of  periodic  orbits  of 
alternating  stability  type  will  be  preserved  in  the  externally  strained  case.  Half  of  the  periodic  orbits 
will  be  stable  and  half  will  be  unstable  of  saddle  type.  The  stable  and  unstable  manifolds  of  the  saddle 
type  motions  may  intersect  transversely,  yielding  chaotic  fluid  particle  motions.  The  resulting  structure 
is  known  as  a  piq  resonance  band  or  stochastic  layer,  see  Arnold  and  Avez  [1968]  for  more  details. 


T(f)/2itrf=  co:  to  irrational .  In  the  unperturbed  velocity  field  every  fluid  particle  starting  on  an 
invariant  circle  of  the  Poincaid  map  rotates  around  the  circle,  never  returning  to  its  initial  position. 
Two  possibilities  for  the  behavior  of  these  orbits  under  external  strain  are  as  follows: 


KAM  tori.  If  to  is  sufficiently  poorly  approximated  by  rational  numbers,  i.e.  it  satisfies  a  diophantine 
condition  (see  Arnold  and  Avez  [1968]  or  Moser  [1973]),  then,  for  sufficiently  small  amplitude  strain- 
rates  e.  the  invariant  circle  is  preserved  fa  the  perturbed  Poincartf  map.  This  invariant  circle  is  referred 
to  as  a  KAM  torus  after  Kolmogorov,  Arnold,  and  Moser  who  first  proved  the  result  (known  as  the 
KAM  theorem).  KAM  tori  are  extremely  important  since  they  represent  total  barriers  to  fluid  motion 
and  hence  strongly  influence  transport 

Contort.  If  to  fails  to  satisfy  the  number  theoretic  hypotheses  of  the  KAM  theorem  then  the  work  of 
Percival  [1980],  Aubry  and  LeDaeron  [1983],  and  Mather  [1984]  implies  that  the  invariant  circle  may 
break  down  under  the  time  periodic  strain-rate  field  into  an  invariant  cantor  set  or  cantorus.  The 
dynamics  on  the  cantorus  are  similar  to  the  dynamics  on  the  KAM  torus.  However,  the  cantorus 
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contains  gaps  which  permit  the  (possibly  very  slow)  passage  of  Suid. 

We  refer  the  reader  to  figure  4.1  for  an  illustration  of  resonance  bands,  KAM  tori,  and  cantori  in  the 
core.  Our  primary  concern  is  with  particle  motion  in  the  mixing  region  defined  below.  Thus  we  only 
remark  that  these  three  structures  govern  the  fluid  transport  within  the  core.  In  the  parameter  range  we 
are  studying  there  exists  the  largest  KAM  torus  which  serves  as  a  complete  barrier  to  the  flow,  and 
therefore  will  prevent  the  mixing  of  outer  fluid  with  the  fluid  in  the  core.  An  interesting  question  is 
whether  the  core  region  is  composed  of  a  single  region  bounded  by  a  KAM  torus  or  if  there  are  islands 
outside  the  largest  KAM  torus  in  which  the  motion  is  bounded.  During  the  numerical  experiments, 
described  in  Section  6,  we  observed  that  for  y  =  0.5  there  is  only  one  observable  core  region  while  for 
y  =  1.38  there  are  at  least  two  (see  figure  6.10). 

Figure  4.1.  Resonance  Bands  and  KAM  Tori. 

The  Mixing  Region.  We  now  want  to  focus  our  attention  on  and  p-  and  their  stable  and  unstable 
manifolds.  In  the  unperturbed  flow  W\  and  Wi  coincide  along  the  streamlines  ¥„  and  'Vi  to  create  a 
boundary  separating  the  core  from  the  free  Sow  region.  With  the  addition  of  external  strain  we  can 
make  the  following  assertions: 

1.  For  sufficiently  small  amplitude  strain  fields  (i.e.  for  e  sufficiently  small)  and  />_  persist  as 
fixed  points  of  the  Poincartf  map.  We  shall  denote  them  by  p+x  and  p_  e,  respectively. 

2.  The  stable  and  unstable  manifolds  of  p*.  and  p.  persist  to  become  the  stable  and  unstable 
manifolds  of  p+x  and  p.x.  We  denote  them  by  W%x,  W*x ,  Wi x ,  and  W*x ,  respectively. 

( i 

These  two  results  follow  from  general  theorems  regarding  the  persistence  of  invariant  manifolds  which 
can  be  found  in  Fenicbel  [1971]  or  ffixsch,  Pugh,  and  Shub  [1977]  and  they  are  independent  of  the 
specific  analytical  fotm  of  the  time'  periodic  strain-rate  field  (note:  these  results  would  also  apply  to 
quasiperiodic  strain  rates.  See  Wiggins  [1987],  [1988]). 

We  will  see  in  section  6  that  for  arbitrary  e,  (1)  persistence  of  invariant  manifolds  for  arbitrary 
values  may  be  decided  by  computation,  (2)  particle  transport  is  governed  by  the  invariant  manifolds, 
and  (3)  that  the  unstable  manifold  is  the  observable  structure  in  a  broad  class  of  flow  visualizations. 

From  our  discussion  of  the  symmetry  of  the  velocity  field  in  section  3,  it  follows  that  y  »  0  is 
always  an  invariant  manifold  for  both  the  perturbed  and  unperturbed  velocity  field.  This  implies  that 
'I'o  =  u  Wi  s  Wlx  u  Wix  persists  as  an  invariant  streamline.  However,  the  interpretation  of 
Wi4  and  Wtx  is  more  subtle  since  they  need  not  coincide  as  in  the  unperturbed  case.  Now  W *  E  and 
W“4  are  smooth  invariant  curves  and  a  fluid  particle  path  starting  on  these  curves  in  the  continuous 
time  flow  is  represented  as  an  infinite  set  of  discrete  points  on  these  curves  in  the  Poincart  section.  As 
such  it  is  possible  for  W“ ,  and  W%x  to  intersect  in  an  isolated  point  as  shown  in  figure  4.2.  Note  that 
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figure  4.2  could  not  hold  in  the  unperturbed  case  because,  for  steady  flows,  particle  paths  must  coincide 
with  streamlines  and  streamlines  cannot  intersect  in  isolated  points  without  violating  uniqueness  of 
solutions  of  ordinary  differential  equations.  If  we  consider  the  orbit  of  this  point  of  intersection  under 
the  Poincare  map.  then  by  invariance  of  Wt  e  and  Wit  it  must  forever  remain  on  both  W“£  and  Wi£ 
resulting  in  a  geometrical  shape  similar  to  that  shown  in  figure  4.2.  This  splitting  of  the  stable  manifold 
of  p  +  and  the  unstable  manifold  of  p_  results  in  a  mechanism  for  the  transference  of  fluid  between  the 
vicinity  of  the  core  and  the  vicinity  of  the  free  flow  region.  It  also  provides  the  mechanism  for  chaotic 
particle  motion.  For  this  reason,  we  refer  to  region  bounded  roughly  by  the  envelopes  of  W“e  and 
Wix  as  the  mixing  region.  A  precise  definition  of  the  mixing  region  is  given  in  section  6.  The  mixing 
region  of  course,  does  not  exist  for  the  unperturbed  case.  One  characterization  that  distinguishes  the 
free  flow  region,  the  mixing  region,  and  the  core  is  that  they  consist  of  panicle  trajectories  that  encircle 
a  vortex  zero,  a  finite,  and  an  infinite  number  of  times,  respectively. 


Figure  4.2.  The  Homoclinic  Tangle  in  the  Mixing  Region. 


The  Melnikov  Technique 


An  analytical  technique  which  allows  us  to  predict  the  behavior  of  W i£  and  £  for  small  e  was 
developed  by  Melnikov  [1963]  and  consists  of  a  measurement  of  the  distance  between  and  W“e 
Up  to  a  known  normalization  factor,  the  first  order  term  of  the  Taylor  series  expansion  about  e  =  0  of 
the  distance  between  and  W*A  can  be  computed  without  solving  (2.3)  explicitly.  This  first  order 
term  is  known  as  the  Melnikov  function.  In  Appendix  3,  we  discuss  the  geometry  of  the  Melnikov 
function  as  well  as  some  of  the  relevant  technical  points  behind  its  derivation.  In  this  section,  we  state 
the  results  of  the  calculations  for  our  pfoblem. 


The  distance  between  WiA  and  is  given  by 


d(t0,  e)  =  e 


M(to) 


ll/(<7»(-'o))l 


O  (e2) 


(4.1) 


where  qu(t)  is  a  heteroclinic  fluid  particle  trajectory  of  the  unperturbed  velocity  field  lying  in  HV  r0 
parametrizes  distance  along  ¥„ ,  and 

tl/(?„(-'Q))ll  =  V(7 t o)))‘  +  (fziqA-  'o»)2 


The  Melnikov  function  M  (to)  is  defined  to  be 


M(t0)=  j 


/i(<7«(0)£2(<7h(0,  f  +  t0)-f2(qlt(t))gl(qu(t),  t  +  r0) 


dt. 


(4.2) 


and  Melnikov’s  theorem  (see  Appendix  3)  shows  us  that  simple  zeros  of  M(to)  (  i.e.  MU  a)  =  0. 


-r —  *  0)  imply  simple  zeros  of  d(t o.  e)  for  e  sufficiently  smalL  We  remark  that  d(to,  e)  may  be  either 
dto 

positive  or  negative  as  it  is  actually  the  signed  distance  between  W*+x  and  W5e.  In  Appendix  3.  we 
show  that  the  sign  of  d (to,  e)  gives  us  information  concerning  the  relative  orientation  of  W‘+x  and  W“x . 
Also  note  that  ||/(<7„(-  r0))  1 1  — ►  0  exponentially  fast  as  r0  -+  ±  <>•  which  implies  that  |  d(t0,  e)  |  ~  as 

tQ  -*  ±~.  This  just  reflects  the  fact  that  and  W*x  oscillate  unboundedly  near  p_e  and  p„£, 
respectively. 

We  numerically  calculate  the  Melnikov  function  for  the  velocity  field  (2.3)  and  obtain 

M (to)  =  sin  (r<y"y)  (4.3) 

where  F(  y  )  is  plotted  in  figure  4.3.  Note  that  for  fixed  y,  M  (r<j)  has  an  infinite  number  of  isolated 

zeros  at  which  *  0.  As  discussed  in  Appendix  3,  these  correspond  to  transverse  intersections  of 
ot  0 

Wix  and  W*x  and  therefore  we  obtain  a  direct  analytical  confirmation  of  figure  4.2.  At  y  -  1.78,  F(y) 
changes  sign,  which  corresponds  to  a  change  in  the  orientation  of  the  intersection  of  Wix  and  W*x . 
For  y  -  1-78,  M  (ro)  *  0  implying  that  d(tQ>  e)  *  Ofe2).  In  figure  4.4  we  present  the  manifolds  computed 
numerically  for  several  values  of  y  confirming  the  change  of  orientation  of  the  intersection. 

Figure  4.3  Graph  of  F(y). 

Figure  4.4  Numerical  Conputations  of  the  Invariant  Manifolds  for  Various  Parameter  Values. 

5.  Tangle  Dynamics 

We  now  describe  the  dynamics  associated  with  the  tangling  of  the  stable  and  unstable  manifolds  of 
p+x  and  p.t  .  Specifically,  we  will  describe  the  essential  dynamical  mechanisms  for  fluid  transport 
within  the  mixing  region.  We  will  see  that  the  properties  of  invariance  of  the  stable  and  unstable 
manifolds  as  well  as  the  orientation  preserving  property  of  the  Po incard  map  render  a  temporal 
simplicity  to  the  geometrically  complex  structure  associated  with  the  tangling  of  the  manifolds.  This 
allows  us  to  obtain  a  quantitative  hold  on  the  dynamics  in  the  mixing  region.  In  much  of  what  follows 
there  will  be  no  restriction  on  the  amplitude  of  e  . 

Lobe  Motion.  We  begin  with  two  definitions: 

Definition  S.l.  Consider  a  point  q  e  Wi  t  n  W*x  and  let  p+t  q  denote  the  segment  of  Wi  t  from 
to  q  and  let  p.x  q  denote  the  segment  of  Wix  from  p.x  to  q.  Then  q  is  called  a  primary  intersection 
point  (pip)  if  p*,  q  and  p.x  q  intersea  only  in  q,  i.e.  p*>ef  n  p_4  q  »  (q).  See  figure  5.1. 
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Definition  5.2.  Let  <7,  and  <72  be  two  adjacent  pip.  i.e.  there  are  no  pip  on  the  segments  of  Wix  and 
W*x  which  connect  <71  and  <72-  We  refer  10  the  region  bounded  by  the  segments  of  Wix  and  W*( 
which  connect  q  1  and  <72  as  a  lobe.  See  figure  5.1. 

The  spatial  structure  of  the  manifolds  provides  a  natural  ordering  by  time  which  is  useful  when  we 
discuss  the  flux  as  well  as  entrainment  and  detrainment.  To  describe  this  ordering  we  need  the 
following  definitions: 

Definition  5-3..  Let  q\  and  q2  be  pip’s.  Then  we  say  that  qx  <  q2  if  qx  is  closer  than  qz  to  p_e  in 
terms  of  distance  along  W“£ . 

Definition  5.4..  Suppose  that  Lx  and  L2  are  lobes.  Then  we  say  that  Lx  <  L2  if  each  of  the  pip's 
defining  L  x  are  less  than  or  equal  to  each  of  the  pip’s  defining  L2. 


Figure  5.1.  <7 1 ,  q2,  <73,  <74  are  pip’s.  qs  is  not  a  pip.  L\,  L2,  L3  are  lobes  with  L\  <  L2<  Ly 

Now  let  q  be  a  particular  pip  and  consider  the  region  bounded  by  p+£  q  u  p.t  q  \j  [W“E  n  Wi  E  ]. 
We  refer  to  this  as  region  A.  We  will  describe  the  motion  of  fluid  across  the  boundary  of  A.  There  is 
no  restriction  on  the  choice  of  q  .  In  figure  5.2  we  choose  q  rather  arbitrarily  for  illustrative  purposes. 
Later  we  choose  <7  so  that  A  corresponds  as  much  as  possible  to  the  unperturbed  core.  See  figure  5.5. 

Figure  5.2.  The  £,  and  D,  for  F  (y)>0. 

Definition  5 .5.  A  lobe  is  called  an  exterior  lobe  if  no  pan  of  its  interior  is  contained  in  A.  A  lobe  that 
is  not  an  exterior  lobe  is  called  an  interior  lobe. 

Now  consider  figure  5.2.  The  kibes  £,-  are  exterior  lobes  for  i  £  0  and  interior  lobqs  for  i  >  0. 
Similarly,  the  lobes  D,  are  exterior  lobes  for  t  >  0  and  interior  lobes  for  i  £  0.  The  following  is  our 
main  result  concerning  the  dynamics  of  the  lobes. 

Suppose  that  the  lobes  are  defined  so  that  for  some  n  >  1  : 

1.  r (£,)=£,+* 

2.  r(D,)  =  D1+, 

For  small  e,  n  is  just  one-half  the  number  of  simple  zeroes  of  the  Melnikov  function  in  one  cycle, 
t  =*  2try  .  (See  Appendix  4.)  For  arbitrary  e  we  construct  W i£  and  W“£  numerically  and  simply  track 
the  progression  of  a  pip  during  one  cycle  to  determine  n. 
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The  concise  observation  above  belies  its  many  underlying  implications: 


1.  After  one  cycle  of  the  time  periodic  strain-rate  field  (i.e.  one  iterate  of  the  Poincare  map) 
£0  .....  £-,*i  enter  region  A.  Similarly,  after  one  cycle  D_i .....  leave  region  A. 

2.  The  lobes  Et ,  O;  maintain  their  ordering  throughout  their  evolution  in  time  under  the  action  of 
the  Poincare  map,  i.e. 

£,  <  Ej  implies  Tk  (£, )  <Tk(Ej ) 

D,  <  Dj  implies  Tk(Dt)  <  Tk(Dj) 

Ei  <  Dj  implies  r*(£.)  <Tk(Dj) 

for  all  k.  This  is  a  consequence  of  the  fact  that  the  Poincare  map  preserves  orientation  and  therefore  the 
relative  ordering  of  points  along  W*x  is  preserved. 

Lobe  Area.  Knowledge  of  the  total  area  of  the  n  lobes.  £0 . E-*+i  .  would  tell  us  the  amount  of 

fluid  entering  A  per  cycle.  We  show  that  the  Melnikov  function  gives  this  information  for  small  e  . 

Consider  figure  5.3  and  the  lobe  L  defined  by  the  pip's  q\  and  <72-  Let  us  denote  the  infinitesimal 
element  of  arclength  along  Wtx  by  ds  and  let  l(s)  denote  the  perpendicular  distance  between  Wix  and 
W*x .  Then  the  area  of  L.  denoted  y.(L ),  is  given  by 

7 

IKD-  J  l(s)ds.  (5.1) 

- 


figure  5.3  Geometry  of  the  Area  of  the  Lobes. 


Now  W\x  and  Wtx  can  be  approximated  uniformly  on  semi-infinite  time  intervals  (see 
Guckenheimer  and  Holmes  [1983] )  and  because  these  manifolds  move  only  an  0(e)  amount  from  the 
unperturbed  manifolds  on  these  time  intervals  the  angle  between  the  line  along  which  d(t0,e)  is 
measured  (see  Appendix  3)  and  the  line  along  which  l(s)  is  measured  is  O  (e).  Thus  we  can  wnte 

/ (j )  - 1  e)  |  h-  0 (e2)  (5.2) 


e  1  Af  (fp)  1 
1 1  /  (<7*  (  “  f  o))  1 1 


+  O  (e2) 


(5.3) 
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and 

ds  =  dt0=  f  \\f(qu(  -f0))  11  + 0(e)]  dt0. 
at  0  L  J 

Substituting  (5.2)  and  (5.3)  into  (5.1)  gives 

Tf  e|A/(fo)l  ,lr  1 

M.(L)=J  (,fo))||  ^0(6)  |jl/(^(-^o))ll+0(e)j  dt0  ('5.4') 

=  e  J  |  M  (t0)  |  d/0  +  O  (e2) 

where  <?„(  -  f oi)  =  <7i  and  qu(-  tea)  =  qi-  Thus  we  see  that  the  integral  of  the  Melnikov  function 
between  two  adjacent  pip’s  gives  an  0(e)  approximation  to  the  area  of  the  lobe  defined  by  the  pip’s. 
Several  comments  are  now  in  order. 

1.  The  validity  of  (5.4)  relies  heavily  on  the  validity  of  the  approximation  of  the  perturbed  manifolds 
via  regular  perturbation  theory  which  is  rigorous  only  on  semi-infinite  time  intervals.  Thus  (5.4) 
is  only  valid  for  lobes  defined  by  pip’s  which  are  outside  of  sufficiently  small  neighborhoods  of 
p„£  and  p_£.  However,  in  our  case,  the  Poincard  map  preserves  area,  so  knowing  the  area  of 
one  lobe  implies  that  we  know  the  area  of  all  the  images  of  that  lobe  under  the  Poincard  map. 

2.  For  our  problem,  substituting  (4.3)  into  (5.4)  gives  the  following  expression  for  the  area  of  the  n 
lobes 

H(L )  =  2e  |  F  (y)  |  +  O  (e2).  (5.5) 

This  gives  us  the  explicit  dependence  of  the  area  of  the  lobes  on  the  parameter  y.  A  comparison 
between  the  numerical  calculation  of  lobe  area  and  the  analytical  result  (5.5)  gives  good 
agreement  as  seen  in  figure  5.4. 

Figure  5.4  Comparison  Between  Theoretical  and  Numerical  Calculations  of  Lobe  Areas. 

Now  let  us  return  to  our  specific  problem.  We  choose  the  region  A  to  be  defined  by  the  pip  which 
lies  on  the  y  axis.  As  mentioned  above,  this  is  so  that  the  resulting  shape  of  the  region  is  very  similar  to 
the  region  of  trapped  fluid  in  the  unperturbed  velocity  field,  see  figure  5.5. 

Figure  5.5.  The  Geometry  of  Region  A. 

From  (4.3),  M(t0)  *  (F( y)  /  y)  sin  ttfy  and,  therefore,  for  small  e  .  one  lobe  enters  and  one  lobe 
leaves  the  region  A  during  each  cycle  with  the  area  of  the  lobes  equal  to  2  e  |  F  (y)  |  +  Ofe2).  Noace 
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from  figure  5.4  that  for  y  =  0.93,  F(y)  obtains  its  maximum,  thus  the  volume  of  fluid  entrained  per  cycle 
is  maximal  at  this  y.  The  volume  entrained  per  unit  time  is  maximum  at  y  =  0.7  when  F(  y  )/  y  is 
maximum.  For  y=  1.78  the  Melnikov  function  vanishes  identically.  Hence  the  0(e2)  terms  in  the 
formula  for  the  distance  between  the  manifolds  become  important  For  example,  for  e  =  0.1  ,  we  see  in 
figure  4.4c  that  the  manifolds  are  nearly  tangent  for  y  =1.38  rather  than  for  1.78.  Numerically,  we 
observe  also  that  near  the  y  for  which  the  Melnikov  function  vanishes  two  lobes  enter  and  leave  the 
region  A  per  cycle.  (See  figure  4.4c,  d.  e.) 

Finally  we  note  that  the  observed  behavior  of  F(y)  as  y  increases  from  zero.  i.e.  rising  to  a 
maximum  and  then  decreasing  through  zero  to  negative  values,  may  be  explained  as  follows.  The 
horizontal  oscillations  of  the  vortex  pair  have  amplitude  0  (e  y)  while  the  vertical  oscillations  have 
amplitude  0(e)  independent  of  y  .  Thus  for  small  y  the  predominantly  vertical  oscillations  of  the 
vortices  and  the  phase  of  the  oscillations  are  such  that  a  particle  positioned  near  the  top  of  the 
unperturbed  core  a  quarter  of  the  way  through  a  cycle  is  "pulled"  into  region  A.  As  a  result  lobe  £ , 
progresses  to  lobe  E2  as  shown  in  figures  5.2  and  4.4a.  On  the  other  hand,  for  large  y.  the 
predominantly  horizontal  oscillations  of  the  vortices  and  their  phase  conspire  to  "push"  similarly 
positioned  particles  away  from  A  as  in  figure  4.4f.  At  y=  1.38  (  and  e  =  0.1  )  these  opposing  effects 
cancel  to  first  order  as  seen  in  figure  4.4c. 

6.  Particle  Transport 

In  this  section  we  discuss  particle  transport  -  the  flow  into  and  out  of  region  A.  The  time  spent  in  A 
depends  on  the  particle's  initial  conditions  and  we  define  this  time  as  the  residence  time.  A  volume  of 
fluid  therefore  has  an  associated  residence  rime  distribution. 

The  notion  of  a  residence  time  distribution  is  an  important  concept  in  mixing  systems.  For 
example,  if  fluid  is  injected  into  a  catalytic  reactor,  the  amount  of  product  will  be  primarily  influenced 
by  the  time  spent  by  the  fluid  in  the  reactor.  Other  processes  such  as  chemical  reaction  and  heat  or 
mass  transfer  have  similar  dependencies  on  the  residence  time  distribution.  Danckwerts  [1953] 
discussed  the  importance  and  the  application  of  this  notion  for  steady  flows  through  vessels  (such  as  a 
pipe  or  tank)  and  the  work  presented  here  is  similar  to  his  in  spirit.  Both  works  rely  on  the  simple 
observation  that  in  order  to  determine  the  residence  time  distribution  of  the  fluid  initially  in  the  vessel 
or  in  A,  one  needs  to  know  the  future  of  entering  fluid  only.  Though  developed  separately,  the  method 
described  here  can  be  thought  of  as  a  discretization  of  Danckwert’s  work  to  maps,  where  again  the 
advantage  of  working  with  the  Poincartf  map  instead  of  the  time  dependent  flow  is  apparent 

We  refer  to  the  motion  of  fluid  into  A  as  entrainment  and  the  motion  of  fluid  out  of  A  as 
detrainment.  For  our  problem  the  Melnikov  function  has  2  simple  zeros  per  period  and  therefore  (at 
least  for  sufficiently  small  e)  one  lobe  is  entrained  and  one  lobe  is  detrained  per  cycle.  We  denote  these 
lobes  by  E  and  D,  respectively,  see  figure  6.1.  This  implies  that  the  volume  of  fluid  entrained  into 
region  A  during  each  cycle  is  the  area  of  lobe  E  or  4  (£).  Also,  the  amount  detrained  from  region  A 
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during  each  cycle  is  die  area  of  lobe  D  or  p,  (D )  and  by  incompressibility  it  must  be  equal  to  p,  (E )  and, 
in  general, 

H(T'0)-M  TkE)  (6.1) 

fora//  1,  4  =0,  ±  1,±2,.  .  . 

In  this  section  we  discuss  more  detailed  questions  of  particle  transport  which  can  be  answered  by 
app./ing  the  following  rules: 

Rl.  Fluid  entering  region  A  on  cycle  k  must  be  in  E  on  cycle  k- 1. 

R2.  Fluid  leaving  region  A  on  cycle  k  must  be  in  D  on  cycle  jfc-1. 

R3.  T‘(E)  cannot  intersect  Tk(E)  and  T‘(D )  cannot  intersea  Tk(D )  for  any  k,  1=0,  ±1,  ±2, 

Regarding  R3,  we  note  that  it  is  possible  for  Tl  (£)  to  intersea  Tk(D )  for  some  integers  /  and  k . 

The  questions  we  wish  to  address  are: 

1.  How  long  does  it  take  fluid  to  escape  A  given  that  it  started  in  A? 

Remarkably,  it  will  turn  out  that  answering  this  question  is  equivalent  to  answering  the  folio 
question: 

2.  How  long  does  it  take  fluid  to  escape  from  A  given  that  it  is  in  lobe  E  initially? 

More  specifically  we  wish  to  determine  the  residence  time  distributions  for  the  two  initial  conditions 
mentioned  above.  The  answer  to  question  1  may  be  obtained  by  brute  force  calculations,  where  a  large 
number  of  initial  conditions  in  A  are  integrated  and  the  number  escaping  each  cycle  are  counted.  The 
results  of  such  calculations  for  two  y  values  are  presented  in  figure  6.10a,b.  The  similarity  to  the 
manifolds  shape  as  seen  in  figure  4.2  and  demonstrated  in  figure  6.10c  is  not  accidental,  it  is  a 
manifestation  of  the  lobe  dynamics  as  described  in  section  5.  Using  the  lobe  dynamics  enables  us  to 
reduce  the  problem  to  the  computation  of  the  residence  time  distribution  for  lobe  E  only. 

Escape  Rates 

We  consider  first  fluid  that  is  in  lobe  E  initially  (at  cycle  0).  As  discussed  previously,  after  one  cycle 
the  fluid  in  E  enters  A.  However,  at  some  later  brae,  say  cycle  k- 1,  a  portion  of  the  original  fluid  may 
be  found  in  lobe  D  and  therefore  will  escape  A  on  the  next  cycle.  We  define  ek  to  oe  that  portion,  i  e.. 
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ek  =  volume  of  fluid  in  lobe  E  ax  cycle  0  that  escapes  A  on  the  k*  cycle. 


clearly. 


e*  =  H  (T*  ~lE  n  D)  *-1,2, ... 


(6.2a) 


and 


**  =  0  k<,  0  (6.2b) 

Note  that  the  corresponding  distribution  of  escape  times  is  given  by  ek!\xlE).  Using  incompressibility 
(6.2a)  can  alternately  be  written 

e*  =  p(£  nr*+1D)  *=1.2 .  (6.3) 

Figure  6. 1  illustrates  the  geometry  associated  with  (6.2a)  and  (6.3) 

Figure  6.1  a)  e3  =  u(72£  n  D )  b)  <3  =  \i{E  n  T~2D ) 

Note  that  replacing  E  with  T^E  in  (6.2a)  and  (6.3)  gives  the  volume  of  fluid  in  lobe  T^E  at  cycle  0 
that  escapes  A  on  the  ***  cycle.  This  is  clearly  equal  to  .  In  fact,  the  ek ’s  contain  information 
concerning  aU  possible  intersections  of  any  £,  lobe  with  any  Dj  because 

ej^trtnrD)  m  =0,±  1,±2, . . . 

In  figure  6.2  we  illustrate  the  case  m  =  -  k  +1  by  displaying  the  sets  £  nr*  *lD  for  several  values 
of  *  and  y  =  0.5,  0.9. 

Figure  6.2.  Geometry  of  £  r*  *  lD  for  Various  Values  of  k.  a)  7  =  0.5.  b)y  =  0.9. 

Now  we  consider  the  escape  distribution  for  region  A  and  define  escape  volumes  as  follows: 

ak  -  volume  of  fluid  in  region  A  on  cycle  0  that  escapes  on  cycle  k. 

From  previous  discussions  it  follows  that  fluid  leaving  A  on  the  kth  cycle  must  be  in  the  lobe  T~k*lD 
at  cycle  0.  However  not  all  of  was  in  A  at  cycle  0  since  portions  of  r~*^lD  may  intersect 

r^£.  0  £  /  £  k.  and  should  not  be  counted.  So  it  follows  that 

ak  =  u<r-**lD)  -  £  H(7*-**'D  n  T~*E).  (6.4) 

/« 0 

where  the  sum  in  (6.4)  represents  the  volume  of  T~**'D  that  is  also  in  some  V1  E  for  0  S*.  By 
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incompressibility  we  have 

H(r-*+1D)  =  n(D)  =  n(£;)  (6.5) 

and  from  (6.3)  we  have 

=) x(T-*+lD  r\T~*E)  (6.6) 

Using  (6.6)  and  (6.5)  allows  us  to  simplify  (6.4)  as  follows 

k 

ak  =  n(E )  -  £  ek-t 
i- o 


or 

k 

a*=H(£)-£e,  (6.8) 

/- 1 

Thus,  to  compute  ak,  we  need  only  information  concerning  the  dynamics  of  lobe  E,  namely  the  ek. 
We  find  ek  numerically  by  computing  the  escape  cycle  for  each  member  of  a  regular  array  of  grid 
points  in  lobe  E.  To  verify  the  relation  between  the  ek  and  the  ak  given  by  (6.8).  we  have  also 
computed  the  ak  for  one  particular  choice  of  the  parameters  e  and  y  by  a  "brute  force”  calculation  using 
an  array  of  grid  points  in  region  A.  The  results  are  shown  in  figure  6.3  and  confirm  (6.8). 

Figure  6.3  Comparison  of  the  Brute  Force  Calculation  and  the  Reduced  Calculation  for  y  =  0.5. 

We  note  that  with  little  effort  we  can  obtain  other  quantities  which  are  of  physical  interest  in  terms 
of  the  ek  such  as: 

rk  =  volume  of  fluid  initially  in  A  that  remains  in  A  after  k  cycles. 

clearly, 

r*  =  r*_,  -  a*  (6.9) 


or 

k 

rk  *n,(A)-  £  ai  (6-10) 

i-l 


Using  (6.8)  we  obtain: 
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it 

rk  =  p.  (A )  -  £p  (£)  +  £  (£  -  i  +  IV,  (6.1 1) 

i-i 

k 

Since  ek  and  rk  are  finite  and  positive  and  £  £  p  (£),  we  deduce  that 

t-i 

ea 

Z  e,  =  p  (£)  (6.12) 

i-i 


Z  (j-l)e,-  =  p(A)-p(C)  (6.13) 

i-i 


where  rm  =  p  (C )  £  p  (A )  and  jx  (C )  is  the  volume  of  fluid  initially  in  A  that  never  escapes,  i.e.  the 
volume  of  the  core  of  A.  The  relation  (6.12)  is  also  evident  from  incompressibility.  We  note  also  the 
inversion  formula 

ek  =  rk  -  2r*_,  +  rk_2  (6.14) 


The  Mixing  Region 

We  are  now  in  a  position  where  we  can  precisely  define  the  mixing  region.  By  definition,  fluid 
particles  not  in  either  the  free  flow  region  or  the  core  must  have  trajectories  on  the  Poincare  map  that 
enter  and  leave  the  region  A.  Now  in  order  to  enter  A  the  fluid  particle  trajectory  must  be  in 

T~*E,  £=0,1,2 In  order  to  leave  A  the  fluid  particle  trajectory  must  also  be  in  r~*D,  £=0,1,2 

From  (6.12)  the  lobe  E  (and,  hence,  by  invariance,  all  iterates  of  E)  is  completely  filled  with  pieces  of 
TkD  ,  for  all  k .  Hence  the  mixing  region  is  given  by 

u  Dk  .  (6.15) 

The  significance  of  this  definition  is  that  it  allows  us  to  characterize  the  region  of  extremely  complex 
fluid  motion  in  terms  of  the  motion  of  a  fluid  line  element  of  finite  length  (i.e.  the  boundary  of  the  lobes 
E  and  D).  We  note  also  that  (6.15)  gives  us  an  additional  characterization  of  the  mixing  region.  Namely, 
fluid  particle  trajectories  in  the  mixing  region  must  make  ax  least  one  revolution  around  a  vortex. 

The  Unstable  Manifold  as  an  Attractor 

In  general  one  would  like  to  know  the  residence  time  distribution  associated  with  any  initial  shape  B 
of  finite  area.  This  seems  at  the  moment  too  difficult  a  question.  Qualitatively  one  expects  to  have 
similar  behavior  as  obtained  for  A.  Specifically,  for  any  initial  shape  B  which  can  be  regarded  as 
distortion  of  A  (i.e.  B  includes  non-trivial  parts  of  the  mixing  region,  namely  it  is  not  contained  in  one 
D  lobe),  the  dominant  structure  which  will  be  visualized  and  which  will  control  the  transport  is  W“  t . 
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This  is  a  result  of  the  motion  of  lobes  which  accumulate  on  as  t  —*  «,  and  the  assumption  that  B 
has  finite  area.  For  example,  consider  the  case  in  which  B  overlaps  A  on  the  upstream  side.  For  large 
enough  k’ ,  7~*E  contains  a  very  small  portion  of  B  for  all  k  >  k" ,  which  implies  that  for  k  >  k' . 
T* B  will  have  a  very  narrow  layer  upstream  of  W“£,  see  figure  6.4.  The  above  arguments  apply  to  a 
broad  class  of  flows  having  similar  structure,  namely  hyperbolic  stagnation  points  with  cyclic  motion 
near  them,  implying  that  the  unstable  manifold  is  the  observed  structure  in  many  flow  visualizations, 
depending  on  how  the  fluid  is  marked. 

Figure  6.4  The  Motion  of  a  General  Initial  Shape  B,  a)  r=0  b)  r=2rry  c)  r=4rry. 

A  remarkable  demonstration  of  the  role  of  the  unstable  manifold  as  an  attracting  set  is  obtained  bv 
comparing  the  computations  of  the  unstable  manifolds  for  particle  motion  in  the  presence  of  two 
idealized,  leapfrogging  vortex  rings  (Shariff  et  al.  [1988],  Shariff  [1989])  with  flow  visualization 
experiments  of  two  vortex  rings  by  Yamada  and  Matsui  [1978].  These  comparisons  have  been 
reproduced  in  Aref  and  Kambe  [1988,  figure  8]  and  the  reader  is  referred  to  them.  In  the  idealized  flow, 
the  motion  of  the  vortex  rings  and.  therefore,  the  velocity  field  is  periodic  in  time  in  a  frame  moving 
with  the  average  speed  of  the  rings.  Ring  motion  is  computed  according  to  Dyson’s  [1893]  model  and 
consists  of  (1)  an  axial  self-induced  component  that  is  proportional  to  (1/R(r)  log(R(r)/6(r)).  where  R 
is  the  the  ring  radius  and  5  is  the  core  radius  (R  tf^const)  plus  (2)  the  velocity  contribution  of  the  other 
ring.  In  the  experiment,  a  smoke  wire  was  stretched  across  the  diameter  of  the  pipe.  Hence  tracer  is 
injected  not  only  into  the  separating  boundary  layer  which  rolls-up  to  form  the  vortical  cores,  but  also 
into  the  irrotational  or  weakly  vortical  fluid  surrounding  the  cores.  The  smoke  begins  to  reveal  even  the 
fine  scale  features  of  the  manifold. 

As  another  example,  consider  transport  in  the  vicinity  of  a  single  unsteady  vortex  ring.  In  the  case 
of  an  ideal,  steady  axisymmetric  ring,  limiting  stream  surfaces  separate  the  fluid  near  the  vortical  core 
that  moves  with  the  ring  from  fluid  in  the  free  flow  region  and  there  is  no  exchange  between  the  two 
regions.  In  most  cases  of  interest, 'where  the  toroidal  radius  of  the  vortical  core  is  not  small  compared 
to  the  ring  radius,  front  and  rear  stagnation  points  will  exist  on  the  axis.  For  a  turbulent  vortex  ring,  the 
velocity  field  is  three-dimensional  and  unsteady  corresponding,  of  course,  to  the  three-dimensional 
motions  of  the  vorticity  field.  Thus,  three-dimensional  lobelike  structures  continually  pierce  the  ideal 
streamsurface  from  both  sides  and  become  severely  distorted  as  they  encounter  the  rear  stagnation  point 
of  the  ideal  flow.  These  structures  are  revealed  in  the  studies  of  Glezer  and  Coles  [1987]  (see  figure  6.4) 
where  it  is  seen  that  marked  fluid  that  is  injected  into  the  ring  during  formation  is  deposited  into  the 
wake  in  the  form  of  three-dimensional  lobes.  Finally,  in  the  case  of  ideal,  unsteady  axisymmetric  vortex 
rings,  Shariff  [1989]  has  demonstrated  computationally  the  presence  of  lobe  structures  in  the  Poincarb 
map  for  the  flow  in  which  the  time-period  perturbations  are  caused  by  the  ellipticity  of  the  vortex  cores. 

Figure  6.5  Flow  visualization  of  a  turbulent  vortex  ring.  Glezer  and  Coles  [1987], 
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Numerical  Results  and  Discussion 

We  now  present  numerical  results  for  the  residence  time  distributions,  (e*.  a*,  and  rk  properly 
normalized)  and  discuss  their  dependence  on  k  and  the  parameter  y.  In  particular,  some  characteristics 
of  the  numerical  results  can  be  readily  understood  from  the  manifold  structure. 

The  e*  »  p.  (£n  7“  *D )  can  be  computed  in  one  of  two  ways: 

1.  Compute  the  boundaries  of  the  lobes  E  and  T~  *D  and  find  the  area  of  their  intersection. 

2.  Track  area  elements  of  the  interior  of  lobe  E  to  determine  the  area  that  escapes  A  at  each  cycle. 

Although  the  first  method  is  theoretically  more  satisfying,  there  are  two  substantial  difficulties:  (1) 
the  problem  of  the  exponential  stretch  of  the  manifolds  and  thus  of  the  lobe  boundary  and  (2)  the 
determination  of  the  interior  of  a  tangled  boundary  for  large  k.  We  therefore  use  the  second  method 
where  the  grid  mesh  on  E  was  chosen  to  be  sufficiently  small.  In  figure  6.2,  for  large  k ,  it  appears  as  if 
the  escape  area  is  composed  of  a  number  of  isolated  area  elements,  but  this  is  merely  the  result  of  using 
a  finite  number  of  nondeforming  area  elements.  The  actual  areas  in  En  T~kD  must  be  composed  of  a 
finite  number  of  shapes  that  connect  to  each  other  or  the  boundary  of  E  since  T~kD  is  simply 
connected.  The  appearance  of  isolated  computational  points  for  a  relatively  fine  mesh  (  dx  =  dy  = 
0.005  )  shows  that  the  widths  of  the  interior  regions  of  En  T~kD  become  extremely  narrow  and 
demonstrates  the  difficulties  one  would  encounter  when  using  a  scheme  that  tracks  the  boundary  of  E  or 
D. 

It  is  interesting  to  note  how  the  quantities  vary  according  to  qualitative  features  of  the  manifolds. 
Figure  6.6  contains  plots  of  ek  for  two  y  values.  The  rapid  oscillations  of  ek  with  k  is  typical  for  all 
values  of  y  and  is  discussed  below. 

We  inclvdf  log-linear  and  log-log  plots  as  an  aid  to  identifying  possible  exponential  or  power  law 
behavior  but,  because  of  the  fluctuations  of  the  ek  for  small  and  large  k,  we  will  defer  the  discussion  of 
these  possibilities  until  the  a*  are  presented.  The  small  k  fluctuations  consist  of  two-cycle  oscillations 
with  even  k  maxima  and  odd  k  minima.  We  explain  this  phenomenon  as  follows.  Note  that  the 
invariance  of  the  manifolds  gives  n  D)  *  \i(JkE  n  T~*D)  and 

*2*-i  *  n  7~*D).  Now  in  the  symmetric  Poincartf  map  TkE  and  T~kD  are  mirror  images  of 

each  other.  Since  near  the  x  axis  both  lobes  are  flat,  we  will  obtain,  in  general  a  larger  volume  of 
intersection  than  is  obtained  in  a  "transversal'’  intersection  which  occurs  in  the  asymmetric  intersection 
of  Tk~lEn  rkD.  However,  secondary  intersections  far  from  the  neighborhood  of  the  stagnation 
point  will  relax  this  difference  as  k  increases.  Thus  the  two-cycle  oscillation  of  the  ek  decays.  For 
larger  k  (k  5  20)  the  fluctuations  observed  in  figure  6.6  are  due  to  the  statistics  of  the  computation.  We 
have  verified  that  a  finer  mesh  will  decrease  these  fluctuations. 


Figure  6.6  The  ek . 
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The  ak  are  shown  in  figure.  6.7.  Note  that  for  small  k  the  ak ,  as  a  function  of  y,  increase  with  y  up 
to  y  •  0.8  then  decrease  until  y  -  1.3  then  increase  again.  This  behavior  is  directly  related  to  the 
entrainment  rate  or  lobe  area  given  by  2e  |  F(-y)  j  +  O  (e2).  (see  figure  5.4).  Using  figures  6.7d-6.7g  we 
can  make  tentative  conclusions  regarding  the  asymptotic  behavior  of  the  a*  for  large  k  for  y=  0.5  and 
0.9.  Figure  6.7d  strongly  indicates  exponential  behavior  for  y=  0.5  or 

ak  -  fkr*  -rm)  as  k  ->  «  , 

i.e.  a  constant  probability  of  escape  from  A-C  for  large  k .  For  y  <  0.5,  similar  exponential  behavior  is 
indicated.  For  y  >  0.5  there  are  no  strong  indications  for  either  exponential  or  power  law  behavior  with 
the  possible  exception  of  y  =  0.9.  For  y  =  0.9,  figure  6.7g  suggests  a  power  law  behavior  for  ak  or 

a*  -  J  (r*  -  '■-) 


i.e.  a  decreasing  probability  of  escape  as  k  — ►  «•. 
Figure  6.7  The  ak. 


Fitting  an  exponential  for  the  ak  by  using  a  least  square  method  for  the  log-linear  plots,  we  can 
compute  rm  using  (6.10): 


r-  =  i  -  Z  ai  =  rt.-i 


c  e 


1  -e 


where  c  and  a  are  related  to  the  best  linear  fit  coefficients.  The  results  are  presented  in  figure  6.8  where 
r$0,  rm  ,  and  the  bounds  on  rm  computed  via  the  least  square  method  are  presented.  The  exponents  we 
get  are  relatively  small  and  therefore  the  linear  fit  to  the  log-linear  plots,  as  well  as  the  results  for  rm  . 
should  be  taken  with  cautioa 

Figure  6.8  The  Core  Area. 

The  core  C  is  not  necessarily  composed  of  only  one  region.  In  fact,  we  find  that  the  core  splits  into 
at  least  two  separate  domains  for  y  =  1.38  for  example.  This  is  indicated  rom  the  photographs  of  the 
escape  map  (figure  6.9a,b),  in  which  the  red  regions  can  be  approximately  identified  with  the  core. 

The  appearance  of  a  different  number  of  regions  with  bounded  motion  for  different  y*s  is  the  result 
of  the  distinctive  resonances  associated  with  each  y  value.  Recall  from  section  4  that  the  streamline 
associated  with  a  p/q  resonance  is  determined  via  the  relation  T(I)/2irf  =  p/q .  Therefore,  as  y 
increases,  the  streamline  corresponding  to  the  above  relation  has  larger  period  and  hence  must  be  closer 
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to  the  mixing  region.  Therefore,  assuming  that  the  largest  KAM  toms  position  is  approximately 
independent  of  y,  we  expect  that  as  y  increases  more  resonance  bands  are  present  outside  the  largest 
KAM  torus  and  with  further  increase  in  y,  they  approach  the  manifolds  and  become  unobservable.  The 
scenario  which  is  shown  in  figures  6.9  and  6.10  fits  the  above  description  as  follows: 

For  y=0.3thep=4<7=l  resonance  band  outside  the  largest  KAM  torus  is  manifested  as  four 
white  spots  outside  the  large  white  region  -  the  main  core.  (In  figure  6.10c  the  unstable  manifold  is 
plotted,  and  the  white  regions  are  the  regions  which  the  manifold  cannot  penetrate).  In  figure  6.10a, 
where  the  escape  map  for  y  =  0.5  is  plotted  we  observe  only  one  core  region  -  the  q  =  1  p  -  4 
resonance  band  disappeared  in  the  vicinity  of  the  manifolds  and  no  other  resonance  bands  appear.  As  y 
increases  to  y-  1.38  the  p  =  1  q  =  1  resonance  band  appears  outside  the  largest  KAM  torus  and  two 
core  regions  are  revealed  in  figure  6.10b. 

Figure  6.9  The  unstable  manifold  for  y  =  0.3  . 

Figure  6. 10  Escape  map  for  a)  y  =  0.5,  b)  y  =  1.38.  c)  y  =  0.5  with  the  stable  manifold  of  p  _  in  white. 


7.  Chaos 

We  have  seen  that  transport  between  the  core  and  the  free  flow  region  can  be  understood  by 
studying  the  interaction  between  the  stable  and  unstable  manifolds  of  p+x  and  p_£,  respectively.  Now 
we  want  to  show  that  this  interaction  gives  rise  to  another  important  dynamical  effect,  namely  chaotic 
fluid  particle  motion. 

Roughly  speaking,  chaotic  fluid  particle  motion  may  result  when  structures  in  the  flow  conspire  to 
strongly  stretch,  contract  and  fold  a  region  of  fluid.  In  our  flow  the  tangling  of  the  manifolds  provides 
the  folding  mechanism  and  the  fixed  points  p+j,  and  p_e  provide  the  stretching  and  contraction 
mechanism.  The  notion  of  chaos  is  made  unambiguous  when  we  show  that  this  scenario  enables  us  to 
prove  that  the  Poincarg  map  possesses  Smalt  horseshoes  using  the  Smale-Birkhoff  homoclinic  theorem, 
see  Guckenheimer  and  Holmes  [1983]  or  Wiggins  [1988].  Consider  figure  7.1  and  the  "rectangular" 
region  of  fluid  denoted  R.  Following  the  evolution  of  this  region  under  iteration  by  the  Poincard  map  T 
we  see  that  it  is  folded,  stretched,  and  contracted  and  eventually  mapped  back  over  itself  in  the  shape  of 
a  horseshoe. 


Figure  7.1.  The  Geometry  of  the  Horseshoe  Map. 

We  leave  out  the  details  but  using  techniques  which  can  be  found  in  Moser  [1973]  or  Wiggins  [1988] 
one  can  show  that  "R"  contains  an  invariant  cantor  set  A  such  that  TH\  A,  for  some  n  21,  has 
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1.  A  countable  infinity  of  unstable  periodic  fluid  particle  motions  of  all  possible  periods. 

2.  .An  uncountable  infinity  of  unstable  nonperiodic  fluid  particle  motions. 

3.  A  fluid  particle  whose  orbit  under  7*  eventually  approaches  every  other  point  in  A  arbitrarily 
closely. 

A  is  called  a  chaotic  invariant  set  for  7*.  We  remark  that  in  Moser  [1973]  and  Wiggins  [1988]  it  is 
shown  that  by  a  continuous  change  of  coordinates  7'*]  A  can  be  transformed  into  a  Bernoulli  process 
hence  making  precise  the  notion  of  deterministic  chaos.  The  construction  shown  in  figure  7. 1  could  be 
repeated  near  any  transverse  heteroclinic  point  hence  Smale  horseshoes  and  their  associated  chaonc 
dynamics  exist  throughout  that  pan  of  the  mixing  region  in  A. 

So  the  existence  of  transverse  heteroclinic  orbits  in  a  heteroclinic  cycle  give  rise  to  Smaie 
horseshoes  and  are  therefore  the  underlying  mechanism  for  chaos.  The  Melnikov  function  allows  us  to 
determine  if  transverse  heteroclinic  orbits  are  present  in  the  flow  and  hence  give  a  specific  criteria  for 
the  presence  of  Smale  horseshoes  in  terms  of  the  system  parameters. 

It  should  be  apparent  that  the  presence  of  horseshoes  in  a  fluid  flow  may  have  a  significant  effect  on 
neighboring  fluid  particle  motions.  However,  it  is  difficult  to  quantify  this  effect  Two  things  can  be 
said: 

1.  The  unperturbed  velocity  field  is  integrable;  therefore  typical  fluid  panicles  may  separate  at  a 
linear  rate  at  best  However,  in  the  perturbed  velocity  field,  nearby  fluid  particles  may  separate  at 
an  exponential  rate  and  moreover  the  presence  of  horseshoes  may  cause  fluid  panicle  motions  in 
the  mixing  region  to  become  rapidly  uncorrelated.  Intuitively,  one  would  believe  that  horseshoes 
are  desirable  in  order  to  enhance  mixing.  We  discuss  these  issues  in  the  next  section. 

2.  In  order  to  quantify  the  mixing  of  fluid  between  the  core  and  the  free  flow  region  one  must 
understand  the  dynamics  of  the  interface,  i.e.  the  stable  manifold  of  p+x  and  the  unstable 
manifold  of  p_E.  This  is  a  topic  which  we  are  currently  investigating  in  more  detail.  However, 
from  our  previous  description  a  significant  observation  can  be  made.  That  is,  in  the  unperturbed 
velocity  field  the  interface  separating  the  core  and  the  free  flow  region  has  finite  length  but  in  the 
perturbed  velocity  field  this  interface  has  infinite  length. 

8.  Stretching  and  Elongation  of  Material  Elements 


In  this  section  we  investigate  the  rate  of  stretching  of  material  elements  in  the  Oscillating  Vortex 
Pair  (OVP)  flow  and  its  relation  to  the  time  spent  in  the  mixing  region.  The  classical  measure  for 
quantifying  the  local  stretching  of  material  lines  on  the  average  is  the  Liapunov  exponent,  see  for 
example  Khakhar,  Rising  and  Ottino  [1986].  The  motivation  for  computing  the  Liapunov  exponent  is 
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that  it  quantifies  the  chaos  in  some  systems;  when  a  positive  exponent  exists  nearby  trajectories  diverge 
from  each  other  exponentially.  This  notion  is  particularly  useful  when  dealing  with  dissipative  systems 
with  attractors,  since  then  all  initial  conditions  will  eventually  diverge  as  much  as  trajectories  on  the 
attractor  diverge.  In  the  OVP  flow  we  have  proven  the  existence  of  chaotic  orbits  and  we  therefore 
have  positive  Liapunov  exponents  for  those  orbits.  However,  this  set  of  chaotic  orbits  is  of  measure 
zero.  Nevertheless,  these  orbits  are  responsible  for  the  expansion  and  contraction  in  the  mixing  region; 
material  elements  passing  through  this  region  will  experience  the  exponential  stretching  and  contraction 
of  the  chaotic  orbits.  Most  material  points  remain  in  this  chaotic  zone  for  only  a  finite  time,  which 
implies  that  their  exponents  vanish.  Hence,  in  our  application,  the  Liapunov  exponent  is  not  a  useful 
measure  of  the  stretching  of  material  elements.  To  quantify  this  phenomenon  we  consider  the  total 
stretch  or  elongation  of  a  material  element  due  to  its  motion  through  the  chaotic  region.  As  discussed 
in  section  4,  we  concentrate  on  analyzing  the  behavior  in  the  mixing  region. 

We  start  by  defining  the  stretching  rate  and  its  relation  to  the  Liapunov  exponent  following  the 
formulation  of  Khakhar,  Rising,  and  Ottino  [1986].  We  write  (2.3)  together  with  (2.5)  in  the  form: 

P  =  F(p .  t)  (8.1) 

where  (x ,  y ).  The  linearized  equation  about  an  arbitrary  solution  of  (8.1)  is  given  by 

m  =  DF(p(t),  t)m  (8.2) 

where  DF  is  the  matrix  of  partial  derivatives  of  F. 

We  define  the  stretch  of  an  infinitesimal  material  line  dx  emanating  from  p  with  orientation  m  at 
t=0  as  Mp ,  m ,  t) .  It  is  clearly  given  by 

(8.3) 

I m  ! 

* 

where  m  (r)  is  a  solution  of  (8.2),  m*Q.  The  Liapunov  exponent  of  the  orbit  p  is  defined  as 

a(p,m)*  lim-yln  Mp,m,  t)  (8.4) 

We  now  concentrate  on  the  region  of  our  interest,  the  mixing  region.  By  (6.15)  this  region  is  composed 

•• 

of  (j  Dk\  therefore  we  need  to  investigate  the  orbits  in  the  D*  lobes  only.  While  p  is  in  the  chaotic 

region,  we  expect,  by  definition,  that  the  instantaneous  stretching  rate,  ,  will  have  a  positive  average. 

After  p  escapes  however,  we  expect  stretching  to  decease  substantially.  In  fact  we  have  been  able  to 
show  (Rom-Kedar  [1988])  that 
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\nk(p,m,  r)  =  |3<p,m)  +  x(p,m.  O  +  CX-7)  for  f>f0  (8.5") 

ri 

where  to  is  the  time  required  for  p  to  be  entrained  and  then  escape  from  the  chaotic  region  and 
X(p ,  m,  t)  is  a  periodic  function  in  t  with  zero  mean  and  is  a  result  of  the  oscillating  strain-rate  field 

that  persists  far  from  the  vortex  pair.  This  behavior  is  demonstrated  in  Figure  8.1  where  we  show  in  X 

i 

and  —  for  a  particle  initially  in  the  chaotic  region  and  escaping  after  12  cycles.  Also  shown  is  — 
A  \ 

averaged  over  each  period  to  filter  out  the  x  component. 

Thus  the  Liapunov  exponent  given  by  (8.4)  is  identically  zero  for  almost  all  particles  and,  in  OVP 
riow,  (3  of  (8.5)  remains  as  the  useful  physical  quantity  which  measures  the  total  elongation  of  a  line 
element.  In  particular  we  will  concentrate  on  the  maximal  elongation  of  an  infinitesimal  neighborhood 
around  p  with  exponent  given  by 

(3(p)  =  max  [3(p,  m) 

m 


Physically,  an  infinitesimal  dye  blob  of  radius  |  m  j  placed  at  p  at  t- 0  will  have  its  length  amplified  by 
exp  ((3)  while  it  is  in  or  near  the  chaotic  region  and,  from  then  on,  its  length  will  oscillate  periodically 
with  mean  exp  ((3)  |  m  [  Note  that  we  need  to  maximize  p  over  m  in  contrast  with  the  procedure  for 
finding  the  largest  Liapunov  exponent,  where  almost  all  vectors  will  stretch  at  the  same  rate  evenr. 

This  is  the  result  of  analyzing  the  finite  time  elongation  instead  of  the  asymptotic  result.  The  metnod  x 
obtain  (3  follows. 

Let  M(t)  be  the  fundamental  solution  matrix  of  equation  (8.2)  so  that 

Af  =  DF(p{t  ).i)M  (8.6) 

M(0)  =  / 


Then,  a  general  solution  m(t)  of  equation  (8.2)  is  given  by: 

m(ty=M  (t)m 

Therefore, 


max  %Xp ,  m ,  r)  =  max 

m  m 


mT  Mt Mm 


mT  m 


<h 


Vp(Af 1  M ) 


where  p (MtM)  is  the  maximal  eigenvalue  of  MT M.  (Note  that  in  general  Vp(Af  ‘  ),  see 

Goldhirsch  et  al.  [1987]  ).  To  compute  p (MTM)  =  p(MMT)  we  develop  an  ODE  for  the  components  of 
MM T ,  noting  that  in  two  dimensions  p(MT M)  *  p(MMT). 
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Since  the  OVP  flow  is  irrotational  and  incompressible  the  matrix  DF(p(t)j)  is  symmetric  and  has 
the  form: 


DF(p(t)j)m 


ait)  bit) 

b(t)  -a(t) 


where  a(r)=-|j(p(r),/)  b  it^—ip  it),t) 


Using  Eq.  (8.6)  and  the  above  form  of  DF  we  obtain 


4-iMMTy*^L  M T  +  M  =  (MMt )DF  +  DFiMM T ) 

at  at  at 


(8.7) 


Now  MMt  is  a  symmetric  matrix  of  the  form 


MM1 


<?  r 
r  s 


And  equation  (8.7).  written  in  component  form  gives  a  system  of  three  ODE’s  for  the  matrix  elements 
q ,  r ,  s  .  Since  detfAfW7-)-!  we  obtain  the  following  expression  for  p(MM  r): 


The  quantity  q  +  s  can  be  obtained  either  from  the  ODE's  for  q,  r.  and  s  or  by  solving  the  integral 
equation: 


(q+r)2** 


s 

jaitm+sKtyit 


+  4  . 


Using  the  former  technique  we  have  found  |3  for  a  sample  of  530  initial  conditions  in  region 

mm  _ 

An^j  The  results  are  presented  in  Figure  8.3  where  we  plot  (J  versus  the  escape  cycle  of  p. 

km 0 

Though  (3  takes  on  a  range  of  values  for  each  escape  cycle,  the  general  tendency  of  (3  to  increase  with 
the  escape  cycle,  as  expected,  is  clear.  In  Figure  8.4,  we  show  the  average  of  (3  over  the  set  of  initial 
conditions  having  the  same  escape  cycle.  The  results  indicate  that  the  average  stretching  rate  is 
correlated  with  residence  time,  namely,  a  longer  residence  time  implies  a  lower  average  stretching  rate. 

To  summarize,  we  have  shown  that  the  Liapunov  exponents  vanish  in  the  OVP  flow  in  the  mixing 
region.  This  is  a  result  of  the  flow  being  open  with  localized  chaos,  allowing  fluid  particles  to  be 
convected  to  infinity  after  a  finite  amount  of  stretching.  Therefore  we  use  the  total  stretch,  exp  ((3).  the 
elongation  of  a  fluid  element  while  in  or  near  the  chaotic  region,  to  quantify  the  chaos.  We  found  that. 
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on  the  average,  this  quantity  increases  with  residence  time  but  that  the  average  stretching  rate  tends  to 
decrease  with  residence  time. 

9.  Summary  and  Conclusions 

We  have  investigated  the  flow  governed  by  a  vortex  pair  in  the  presence  of  an  external  strain-rate 
field  that  oscillates  sinusoidally  in  time.  In  particular,  we  studied  transport  and  mixing  of  passive 
particles  in  this  flow.  The  flow  depends  on  two  dimensionless  parameters  -  the  period  of  the  oscillation 
divided  by  the  time  required  for  the  vortex  pair  to  travel  a  distance  equal  to  their  separation  and  the 
strain-rate  amplitude  divided  by  the  oscillation  frequency. 

If  the  amplitude  of  the  external  field  is  zero  then,  in  a  frame  moving  with  the  vortex  pair,  the  flow  is 
steady.  A  fixed,  closed  volume  of  fluid  is  trapped  and  moves  with  the  vortex  pair  for  all  time.  This 
volume  of  fluid  or  "bubble"  is  bounded  by  two  limiting  streamlines  that  connect  at  two  hyperbolic 
stagnation  points,  one  on  the  upstream  side  of  the  bubble  and  one  on  the  downstream  side.  No 
entrainment  or  detrainment  takes  place  into  or  out  of  this  volume.  Mixing  is  poor  as  two  particles  an 
infinitesimal  distance  apart  only  separate  at  most  linearly  in  time  for  large  times,  i.e.  the  Liapunr 
exponent  is  zero. 

If  the  strain-rate  amplitude  is  nonzero,  the  flow  is  time-periodic  in  a  frame  moving  with  the  average 
speed  of  the  vortex  pair  and  each  vottex  moves  on  a  closed  orbit  in  this  frame.  However,  some  particle 
motions  are  quite  complicated.  During  each  cycle  of  the  oscillation  a  certain  volume  of  fluid  that 
approaches  from  the  upstream  side  is  entrained  into  the  fluid  bubble  moving  with  the  vortex  pair.  A 
particle  within  this  entrained  fluid  volume  moves  chaotically  during  its  time  of  residence  in  the 
comoving  bubble.  These  particles  subsequently  escape  (are  detrained)  according  to  a  discrete 
distribution  over  the  number  of  cycles  in  residence  till  escape.  Another  distribution  of  residence  times, 
that  corresponding  to  those  particles  initially  in  the  bubble  at  cycle  zero,  is  easily  computed  from  the 
former  distribution. 

A  quantitative  understanding  of  this  transport  mechanism  was  best  achieved  by  examining  the 
Poincarf  map  for  the  particle  motion.  In  particular,  we  considered  the  stable  and  unstable  manifolds  of 
the  two  hyperbolic  fixed  points  of  the  map.  For  the  unperturbed  flow,  the  fixed  points  coincide  with  the 
stagnation  points  in  the  flow.  Similarly,  the  unstable  manifolds  of  the  upstream  fixed  point  and  the 
stable  manifolds  of  the  downstream  fixed  point  coincide  with  the  limiting  streamlines  in  the  unperturbed 
flow  and,  therefore,  coincide  with  each  other.  For  the  perturbed  flow,  these  manifolds  break  apart  and 
intersect  each  other  transversally,  forming  a  tangle.  Within  this  tangle  there  are  two  infinite  families  of 
lobes  with  the  boundary  of  each  lobe  consisting  of  a  segment  of  the  unstable  manifold  and,  the 
remainder,  a  segment  of  the  stable  manifold.  Any  given  lobe  generates  all  other  lobes  in  the  same 
family  by  mapping  backwards  and  forwards  in  time. 
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One  lobe  in  particular  will  be  entrained  during  the  next  cycle  and,  in  the  other  family,  there  is  a  lobe 
that  will  be  detrained.  By  incompressibility  all  lobes  have  the  same  volume  and  it  is  this  amount  of 
fluid  therefore  that  is  entrained  and  detrained  during  each  cycle.  Lobes  within  a  given  family  do  not 
intersect  one  another.  However,  lobes  from  one  family  intersect  members  from  the  other  family.  The 
areas  or  volumes  of  intersection  correspond  directly  to  the  residence  time  distributions  mentioned 
above.  Thus  we  have  a  tangle  dynamics.  Namely  all  information  concerning  transport  or  dispersion  of 
particles  in  this  two-space  plus  time-dependent  flow  field  is  generated  by  one -dimensional  objects  -  the 
stable  and  unstable  manifolds  of  the  fixed  points  of  the  Po incart  map. 

The  above  results  do  not  require  that  the  strain- rate  amplitude  be  small.  However,  if  the  amplitude  is 
small  we  used  regular  perturbation  theory  in  the  form  of  the  Melnikov  technique  to  check  for  the 
existence  of  transversal  intersections  and  to  estimate  the  width  of  the  fluid  zone  along  the  original 
dividing  streamline  that  participates  in  the  exchange  process.  In  addition  we  have  shown  that  the  lobe 
area  is  proportional  to  the  integral  of  the  Melnikov  function  over  one  cycle.  This  analysis  showed  that, 
as  the  period  of  oscillation  increases  from  zero,  the  entrainment  rate  rises  from  zero  to  a  maximum  then 
falls  to  zero  and  rises  again.  This  behavior  is  the  result  of  two  competing  effects  concerning  the 
advection  of  particles  near  the  limiting  streamline  at  the  top  of  the  bubble,  one  effect  is  to  advect 
particles  into  the  bubble  during  one  cycle  while  the  other  advects  particles  away  from  the  bubble. 

For  arbitrary  values  of  the  strain-rate  amplitude  the  lobe  structure  may  be  computed  numerically 

This  is  a  relatively  simple  matter  because  the  unstable  manifolds  are  attractors  in  forward  time  and  the 

stable  manifolds  are  attractors  integrating  backwards  in  time.  Of  course,  as  one  attempts  to  follow  a 

given  lobe  for  a  large  number  of  cycles  a  rapidly  increasing  number  of  points  is  required  to  define  the 

structure  of  the  lobe  boundary  because  of  die  chaotic  motion  of  the  boundary  points  that  remain  in  the 

bubble.  Lobe  intersection  volume  may  be  computed  by  tracking  lobe  boundaries  as  described  above  but 

as  an  alternative  method,  and  the  one  used  in  this  paper,  one  can  simply  track  a  uniform  array  of 

closely-spaced  points  that  initially  fill  only  the  lobe  that  will  be  entrained  during  the  next  cycle. 

* 

We  have  shown  that  the  existence  of  transverse  heteroclinic  orbits,  i.e.  the  lobe  structures,  gives  rise 
to  Smale  horseshoes  as  a  result  of  a  stretching  and  folding  mechanism  present  in  the  Po incart  map. 
These  horseshoes  represent  the  underlying  mechanism  for  chaotic  particle  motion.  To  quantify  this 
chaotic  motion  and,  in  particular,  the  rate  of  stretching  of  material  elements,  we  investigated  the  total 
elongation  of  an  infinitesmial  material  element  and  its  dependence  on  time  spent  within  the  bubble. 

The  concepts  and  analysis  discussed  in  this  paper  should  be  useful  in  a  wide  variety  of  applications. 
Further  development  might  concentrate  on  (1)  extension  of  the  present  results  for  time-periodic  flows  to 
quasi-periodic  or  chaotic  fluid  flows,  (2)  connecting  the  present  work  to  coarse-grained  approaches  to 
turbulent  transport  using  convection-diffusion  equations,  and  (3)  developing  analytical  techniques  for 
the  lobe  intersection  problem  by,  for  example,  deriving  appropriate  one -dimensional  maps. 
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Appendix  1:  Vortex  Pair  in  a  Wavy- Wall  Channel 

We  show  that  the  particle  motion  given  by  (2.3)  and  (2.5)  approximates  the  motion  in  the  vicinity  of  a 
vortex  pair  moving  in  a  wavy-wall  channel.  Consider  the  following  solution  to  the  Euler  equations, 
given  by  the  stream  function  of  a  vortex  pair,  ,  plus  the  streamfunction  of  a  potential  flow: 

*  =  ^  +  4%,  (Alla) 


where 


vv  -  r  -^v)2 

4*  U -Xy)2  +  (y +yv)2 


(Al.lb) 


and 


'Vpa  *(V  +eVi(e)) y  -  ^cos(tac)sinh(Ay) 


(A  1.1c 


Here  ±  T  are  the  circulations  of  the  vortices  whose  positions  are  (*,(0,  ±yv(r)),  V  +  eV,(e)  the  average 
fluid  velocity  in  the  channel  far  away,  from  the  vortex  pair  and  eV^e)  is  defined  such  that  the  average 
velocity  of  the  vortex  pair  it  independent  of  e  (see  below).  The  vortices  move  with  the  fluid  velocity 
given  by 


-  dx  84'  dy  94* 

dt  ”  By  di  dx 


(A  1.2) 


For  e  =  0,  we  have 


Xy(t) 


(A1.3) 


y*(t)-d 


Setting  4*  =  4*w/ 


=  const  in  (A  1.1  a)  and  assuming  that 


y» 

- <<1  we  find  the  equation  for  the  wall 

y*M 


boundary, 
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y  =y**u(x) 


(A  1.4) 


eVtiOW^t 

V  vz 


lc2V 


k'V^aU 

sinh(  — - —  )cos(te ) 


0(e?)  +  0(-Zz~) 

y*aU 


confirming  that  equations  (Al.l)  represent  flow  in  a  wavy-wail  channel  where  the  walls  are  sufficiently 
far  from  the  vortices. 


Now  we  compute  particle  motion  by  (A1.2)  and  let  x  ■  jf  +  /(r),  Xy(r)  afv(t)  +  /(r).  If  fcfv«l 
and  we  consider  the  flow  field  near  the  vortices  with  ky  «  1.  then  we  obtain  the  desired  form: 


dx 

di 


(y  -y») 


y  +yv 


(x  ~xv)2  +  o 


(x  -  xv  )2  +  (y  +y»  )2 


(A1.5a) 


-  Vy  +  efsin(cor)  +  Ofe2) 


d%_  _  T(jf  -iy) 
dr  2rc 


_ 1 _ 

Of  ~  )2  +  (y  -  y » )2 


_ l _ 

(/-i,)2  +  (y  +yv)2 


eysinfcorl  +  OCe2) 


if  f(t)  is  the  solution  to 


(A  1.5b) 


\ 


^  =  -  -|cos(*/  (r))  +  v  +  +  e2V'2(e) 

where  V2(e)  is  defined  such  dial 


(A  1.6) 


/(r)  =  (V  +  —  )r  +6  g(r,e) 


(A  1.7) 


where  g  is  periodic  in  t.  We  also  have  that 


and 


Vv 


r 


-EV'Ke) 


(A1.8) 


(A1.9) 


Appendix  2:  Expansion  of  the  Equations  of  Motion 
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The  nondimensional  equations  of  motion  (2.3)  have  the  following  expansion  in  e: 

»/i(*.y)  +  egi(x.y.  »/y;  Y)  +  0(e2) 

Mfd*.y)  +  tgiOt.y.t/y\  y)  +  0(e2) 

where  the  /,  are  given  by: 


and  the  gt  are  given  by: 


gi  =  [cos(r/y)-  1] 


(x/y)  sin (r/y) 


/i  /* 


1 

2 


,?2  =  2x  [cosfr/y)-  1] 


(A2.1a) 

(A2.1b) 

(A2.2a) 

(A2.2b) 

(A2.3a) 


(l/y)  sm(r/) 


(A2.3b) 


The  definitions  of  /t  are 

/t  =  x2  +  (y±l)2  (A2.4) 

Appendix  3:  The  Melnikov  Function 

In  this  appendix,  we  want  to  discuss  some  aspects  of  the  Melnikov  Function.  Specifically,  how  it 
arises  and  what  it  measures.  Recall  that  the  perturbed  velocity  field  can  be  written  in  the  form 
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i  =/i(*.y)  +  e$i(x,y,9;  Y)  +  0(e2) 

y  =f2(.x,y)  +  zg2(x,y,Q,  yj  +  OCe2)  (A3.1) 

9  =  l/y 

As  a  convenient  shorthand  notation  we  will  often  write  (A3.1)  in  the  following  vector  form 

q  =  /(<?)  +  eg{q, 9;  y)  +  0(e2)  (A3.2) 

9  =  l/y 


where  <7  =  (x,y),f  =  (fufi),  and  g 

In  each  case  the  unperturbed  velocity  field  is  obtained  by  taking  e  =  0  in  (A3.1)  and  (A3.2).  We 
study  the  two  dimensional  Poincart  map  T  obtained  from  the  solutions  of  (A3.2)  which  is  defined  as 
follows: 


T  ■  Z  Z  (A3. 3) 

(x  (0),  y  (0))  (-*  (x  (2jry).  y  (2jry)). 

Recall  that  the  Poincart  map  obtained  from  the  unperturbed  velocity  field  has  saddle  points  at  p*  and 
P -  which  are  connected  to  each  other  by  the  three  heteroclinic  orbits  ,  'Po  .  and  (see  Figure  2.1). 
As  noted  earlier,  by  symmetry  of  the  unperturbed  flow  'Pq  remains  unbroken  under  the  external  strain. 
We  use  the  Melnikov  function  to  determine  the  behavior  of  and  *P/  .  Since  the  perturbed  velocity 
field  is  symmetric  about  the  x-axis,  for  definiteness,  we  will  only  draw  pictures  of  the  upper  half  plane 
in  our  development  of  the  Melnikov  function. 

The  construction  of  the  Melnikov  function  consists  of  four  steps: 

1.  Develop  a  parametrizahon  of  the  unperturbed  heteroclinic  orbit  in  the  Po incart  section. 

2.  Define  a  moving  coordinate  system  along  the  unperturbed  heteroclinic  orbit  in  the  Poincart 
Section. 

3.  Define  the  distance  between  and  Wi*  in  the  moving  coordinate  system  at  points 
along  the  unperturbed  heteroclinic  orbit 

4.  Utilize  Melnikov’s  trick  to  develop  a  computable  form  for  the  geometrically  defined 
distance  between  W'+  t  and  Wl  t  of  the  points  along  the  unperturbed  heteroclinic  orbit 

We  begin  with  Step  1. 


Step  1:  Let  qu(t)  denote  a  heteroclinic  trajectory  of  the  unperturbed  velocity  field  which  lies  in  ¥u. 
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Then  since  the  unperturbed  velocity  field  is  not  time  dependent  (i.e.,  it  is  autonomous)  qu  (r  -  r0)  is  also 
a  heteroclinic  trajectory  of  the  unperturbed  velocity  field  which  lies  in  x¥u  for  any  t0e  R  (see  Arnold 
[1973]  for  a  proof  of  this  fact).  Thus  qu(  -  to),  tQe  R  provides  a  parametrizadon  of  where  r0  is 
the  unique  time  that  it  takes  for  a  fluid  panicle  on  to  flow  to  qu  (0). 

Step  2:  The  vector  fH.qu(  -  t0))  =  (  -fi(q*(  -  td)),fy(qu(  -  to))  is  perpendicular  to  at  each  point 
qu(  ~  to)  on  4V  Thus  varying  r0  will  serve  to  move  f\qu  (  -  r0))  along  yVu  and  the  distance  between 
WiA  and  W*z  will  be  measured  along  / H.qu(  -  to)). 

Step  3:  At  e  =  0.  W*  and  W i  intersect  f\qu ( -  to))  transversely  at  each  q„(  -  r0)  e  (see  Arnold 
[1982]  for  a  definition  of  the  transversal  intersection  of  two  manifolds).  The  intersections  are  preserved 
under  perturbations  so  that  for  e  sufficiently  small  W it  and  W“t  intersect  / Hqu ( - 1 q))  transversely  in 
the  points  q\  and  q\.  Thus  we  define  the  distance  between  Wix  and  W*  t  at  the  point  qu(  -  r0)  to  be 

distance  *  |  <7?  -  q\  I  •  (A3.4) 


See  Figure  A3.1. 


Figure  A3.1.  The  Geometry  of  the  Distance  Between  Wix  and  W*x . 

The  problem  with  this  definition  of  the  distance  is  that  is  does  not  lend  itself  to  an  expression  which  can 
easily  be  computed  without  solving  explicitly  for  fluid  particle  motions  of  the  perturbed  velocity  field:  a 
task  which  would  be  quite  formidable.  However  following  Melnikov  [1963],  we  define  the  following 
"signed'’  distance  measurement 


d(t o,  e) 


fWl-toVigi-gj) 

11/ (<7“(  -  to))|| 


(A3. 5) 


where  denotes  the  usual  vector  dot  product  It  should  be  clear  that  by  the  choice  of  q$  and  q\  that 
d (to,  e)  *  0  if  and  only  if  qt  =qi- 

Now  because  W+x  and  W*x  vary  differentiably  with  respect  to  parameters  (Fenichel  [1971],  Hirsch. 
Pugh,  and  Shub  [1977])  we  can  Taylor  expand  (A3 .5)  about  e  *  0  to  obtain 

f^qui-td))  ■  ^-|e-o) 

^  <A36) 


where  we  have  used  the  fact  that  q  <$  =  q% . 
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The  Melnikov  function ,  denoted  M  (fa),  is  defined  to  be: 

^(fo)=/i(^(-fo))  ■  (-^r|e-0-  ^r|e«o)  (A3.7) 

and  is  (up  to  the  normalization  factor  ||  /(?„(-  r^)  H*1)  the  leading  order  term  in  the  Taylor  series 
expansion  for  the  distance  between  W and  Wtz  at  the  point  qu  ( -  t q). 

Step  4.  Melnikov  [1963]  was  able  to  derive  an  expression  for  (A3.7)  without  explicitly  computing 
particle  paths  of  the  perturbed  velocity  field.  His  procedure  consisted  of  the  following  steps 

a) .  Prove  thai  the  panicle  paths  of  the  perturbed  velocity  field  through  the  points  ql  and  q{ 

exist  on  the  time  intervals  ( -  -,  0]  and  [0,  <»),  respectively. 

b) .  Using  a)  along  with  the  first  variational  equation  for  solutions  through  <?£  and  q\  (i.e. 

regular  perturbation  theory)  derive  a  linear  first  order  ordinary  differential  equation  for  the 
time  dependent  Melnikov  function 

-  to))  -  (d"3e(f)|e-0-  — ^le- o)  (A3. 8) 

where  <?e(f)  and  q\{t)  are  particle  paths  of  the  perturbed  velocity  field  satisfying 
<7 2  (0)  =  qt  and  qi  (0)  =  q{ ,  respectively.  Thus  M  (0,  r0)  ■  M  (r0). 

c) .  Solve  the  linear  first  order  differential  equation  for  Af(r,ra)  and  obtain  the  Melnikov 

function  by  evaluating  at  t  =  0.  In  the  process  boundary  conditions  for  the  solution  at  ±~ 
are  imposed  which  were  the  reason  for  needing  the  existence  proof  of  particle  paths  on 
semi-infinite  time  intervals  as  described  in  a). 


For  the  full  details  of  these  steps  see  Guckenheimer  and  Holmes  [1983]  or  Wiggins  [1988],  Finally, 
one  obtains  the  following  form  for  the  Melnikov  function. 


Af(fo) 


1  J  f  Mi 


i»(0)  £2(<7«(0.  t  4-  fo)  -/ 2(^(0)  $i(<7*(0.  t  +  fo) 


dt 


(A3.9) 


and  we  have  the  following  key  theorem. 

Theorem  A3. 1.  Suppose  there  exists  t0  =  7q  such  that 


1)  M(J o)  =  0 
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2) 


Then  Wi£  and  W“e  intersect  transversely  near  qu(  -7q).  If  A/Oq)  is  bounded  away  from  zero  for  all 
t o,  then  Wix  and  Wu_  t  are  bounded  away  from  each  other. 

Proof.  See  Guckenheimer  and  Holmes  [1983]  or  Wiggins  [1988]. 

Thus  we  can  determine  whether  or  not  Wix  and  W“  £  intersea  without  solving  for  fluid  particle 
motions  of  the  perturbed  velocity  field. 

We  now  want  to  point  out  two  properties  of  the  Melnikov  function  which  are  important 
1.  Zero's  ofM(to)  Correspond  to  Primary  Intersection  Points 


The  Melnikov  function  is  a  first  order  measure  of  the  distance  between  W*+t  and  W“£  along  the  line 
f\qu(  -  f0))-  However,  it  is  possible  that  W'+x  and  W*t  may  intersea  f\qu{  - r0))  many  times  as 
depicted  in  Figure  A3.2.  The  question  arises  of  which  two  points  on  Wix  r\fH.qu(  -  r0))  and 
W*  t  n  /x(?u(  -  r0))  is  the  distance  being  measured.  The  answer  to  this  question  comes  from  the 
validity  of  the  regular  perturbation  theory  which  was  used  to  obtain  a  computable  expression  for  the 
Melnikov  function  (step  4).  The  fan  that  we  can  approximate  fluid  particle  motions  of  the  perturbed 
velocity  field  uniformly  only  on  semi-infinite  time  intervals  coupled  with  the  geometry  of  the  time 
dependent  Melnikov  function  implies  that  the  Melnikov  function  is  a  measurement  between  points  in 
Wlx  and  W-e  along  f\q* ( -  r0))  which  are  "closest"  to  p+x  and  p.x  ,  respectively,  in  the  sense  of 
elapsed  time  of  motion  along  W'+x  and  W*x.  These  points  are  denoted  q{  and  q*t  in  Figure  A3.2. 
From  definition  5.1,  it  follows  that  q[  and  ql  are  primary  intersection  points.  For  more  details  see 
Wiggins  [1988]. 

Figure  A3.2.  Intersection  of  the  Manifolds  with/^^C-  to)) 

2.  The  Relative  Displacement  of  and  W“, 

Since  transport  in  the  mixing  region  is  governed  by  W*.t  and  W“x  it  is  useful  to  know  their  relative 
positions  and,  because  the  Melnikov  function  is  a  signed  distance  measurement  it  contains  this 
inform  anon.  From  the  definition  of  the  distance  between  Wit  and  W*  x  given  in  (A3.5),  it  is  simple  to 
show  that  the  geometry  of  the  manifolds  shown  in  Figure  (A3.3)  holds.  For  the  OVP  flow  the  Melnikov 
function  is  given  by  equation  4.3  and  Figures  4.3  and  4.4  confirm  the  relation  between  the  Melnikov 
function  and  the  relative  positions  of  the  stable  and  unstable  manifolds  for  this  flow. 
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Figure  A3. 3.  The  Melnikov  Function  and  the  Relative  Orientations  of  the  Manifolds. 

3.  Periodicity  of  M  (to) 

The  Melnikov  function  is  a  periodic  function  of  r0  having  the  same  period  as  the  external  strain  field 
(see  Guckenheimer  and  Holmes  [1983]).  This  is  an  indication  that  one  heteroclinic  point  implies  the 
existence  of  a  countable  infinity  of  heteroclinic  points. 

Appendix  4:  The  Melnikov  Function  and  Lobe  Motion 

We  now  give  the  proof  of  Theorem  5.1  which  is  restated  below: 

Theorem  5.1.  Suppose  M(r0)  has  2n  simple  zeros  in  one  period  t.  Then 


1  )T(E,)  =  E,„ 

2)  T(Dj)  =  Din, 

Proof:  From  Appendix  3.  simple  zeros  of  the  Melnikov  function  correspond  to  pip’s.  We  denote  the  2n 
zeros  of  M  (r0)  in  one  period  as  follows: 

<7 F  <  <lP  <  <7&t  <  -  <  <  <?&.- 1 

where  the  notation  and  ordering  (see  definition  5.3)  are  chosen  such  that  £1+*  is  formed  by  and 
qfit  and  D1+*  is  formed  by  qfl*  and  qP*+\  for  k  »  1 . n-1. 

Now  by  orientation  preservation  pip’s  maintain  their  relative  ordering  along  W*  t  under  iteration  by 
T  and  because  the  velocity  field  (and  hence  the  Melnikov  function)  is  periodic  in  time  with  period  t  we 
have: 

T(qh  -  qpnt 
and 

t  (qP)  -qP*n 


Then  by  definition  it  follows  that 


T(Ei) »  E,„ 


and 
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TO)*  A «.  Q 

Appendix  5- Some  Properties  of  Poincare  Maps 

In  this  appendix  we  will  point  out  some  general  properties  of  Poincart  maps  which  have  fluid 
dynamical  consequences  and  are  not  usually  dismissed  in  standard  texts. 

1.  Area  Preservation.  A  consequence  of  the  conservation  of  mass  is  that  the  Poincart  map  preserves 
area. 

2.  Orientation  Preservation.  Po incart  maps  obtained  by  discretely  sampling  trajectories  of  ordinary 

differential  equations  have  the  property  of  preserving  the  orientation  of  area  elements. 
Analytically,  this  means  that  the  determinant  of  the  Jacobian  of  the  map  is  strictly  positive  over 
its  domain  of  definition  (note:  by  area  preservation  the  determinant  of  the  Jacobian  is  identically 
one).  Geometrically,  orientation  preservation  can  be  described  as  follows.  Consider  a  simply 
connected  area  element  D  with  three  points  denoted  a,  b,  and  c  on  the  boundary  of  D.  Suppose 
that  as  one  walks  along  the  boundary  of  D  in  a  counterclockwise  sense  (i.e.  with  the  left  aim 
pointed  toward  the  interior  of  D)  beginning  at  a  so  that  next  b  and  then  c  is  encountered.  Now  let 
Tj  (D)  =  D  '  with  Tg  (a)  *  a  Tj  (b)  *  b ',  and  Tj  (c)  ■  c  T 9  is  orientation  preserving  if  as 

one  walks  along  the  boundary  of  D  '  in  a  counterclockwise  sense  starting  at  a '  then  next  b  '  and 
then  c  '  is  encountered.  This  implies  that  the  interior  of  a  closed  curve  is  mapped  to  the  interior 
of  its  image.  See  Figure  A5.1  for  an  illustration  of  the  geometry  of  orientation  preservation. 

Figure  A5.1.  Orientation  Preservation  of  T# 

3.  Variation  of  the  Cross-section  £9.  Notice  from  (3.2)  that  the  Po incart  map  depends  on  the  phase 
of  the  strain-rate  field.  The  question  then  arises  as  to  how  the  Poincart  map  changes  as  the  phase 
of  the  field  is  varied?  Fortunately,  there  is  no  qualitative  difference  in  any  of  these  maps.  The 
technical  term  is  that  the  different  maps  are  differentiabty  equivalent  (see  Irwin  [1980])  which 
means  that  given  any  two  Poincart  maps  obtained  by  fixing  two  different  phases  of  the  strain-rate 
field  there  exists  a  differentiable  change  of  coordinates  which  transforms  one  map  into  the  other. 
In  particular,  the  nature  of  the  stability  of  a  fluid  particle  trajectory  is  the  same  for  each  Poincare 
map.  Since  there  is  no  qualitative  difference  in  the  Poincart  maps  we  will  take  9*0.  This  choice 
has  the  advantage  that  the  Poincart  map  on  this  cross-section  is  symmetric  about  the  y-axis  with 
time  reversed.  We  refer  to  the  associated  Poincart  map  as  T. 

4.  Flow  Dynamics  via  the  Poincare' Map.  In  studying  the  motion  of  fluid  particles  the  concepts  of 
streamlines,  pathlines,  and  streaklines  are  very  natural.  However,  as  mentioned  earlier,  their  use 
in  the  study  of  unsteady  flows  is  limited  since  their  relationship  to  such  dynamical  phenomena  as 
mixing  and  transport  properties  may  be  unclear  (Ottino  [1988]).  In  fact  these  concepts  may  be 
misleading.  For  example,  Hama[1962]  showed  that  streaklines  and  pathlines  in  a  time-dependent 


45 


laminar  Sow  may  look  turbulent.  In  the  context  of  the  Poincart  map,  the  dynamical  evolution  of 
Suid  particles  is  expressed  in  terms  of  the  orbits  of  the  Poincare  map.  The  otbit  of  a  Suid  particle 
is  defined  as  follows:  Let  p  be  a  fluid  particle,  then  the  orbit  of  p  under  T  is  the  bi-infinite 
sequence  of  points  given  by: 

\  - 7— <p) . Tl(p),p.T(p). . T*(p) _ .1 


where 

n  factors 

T*(p)  =  T(T(-iT(p  ))-•)). 
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TRANSPORT,  MIXING  AND  STRETCHING  IN  A  CHAOTIC  STOKES  FLOW- 

THE  TWO-ROLL  MILL 


Paper  published  in  the  Proceedings  of  the  Third  Joint  ASCE/ASME  Mechanics  Con¬ 
ference  in  La  Jolla,  CA.  July  9-12,  1989.  Editor:  K.Ghia. 

Tasso  J.  Kaper  and  Stephen  Wiggins 
Applied  Math  and  Applied  Mechanics  Departments 
Caltech.  Pasadena,  CA  91125 

Abstract  We  present  the  outline  and  preliminary  results  of  an  analytical  and  numerical 
study  of  transport,  mixing,  and  stretching  in  a  chaotic  Stokes’  flow  in  a  two-roll  mill 
apparatus.  We  use  the  theory  of  dynamical  systems  to  describe  the  rich  behavior  and 
structure  exhibited  by  these  flows.  The  mam  features  are  the  homoclintc  tangle  which 
functions  as  the  backbone  of  the  chaotic  mixing  region,  the  Smalt  horseshoe,  and  the  island 
chains.  We  then  use  our  detailed  knowledge  of  these  structures  to  develop  a  theory  of 
transport  and  stretching  of  fluid  in  the  chaotic  regime.  In  particular,  we  show  how  a 
specific  set  of  tools  for  adiabatic  chaos-  the  adiabatic  Melnikov  function  [ 4,5,6,19 J,  lobe 
area  and  flux  computations  [6],  and  the  adiabatic  switching  method  [7 j-  is  ideally  suited  to 
develop  this  theory  of  transport,  mixing,  and  stretching  m  time- dependent  two-dimensional 
Stokes ’  flows. 

1. Introduction 


Chaotic  advection  or  lagrangian  turbulence  in  two-dimensional  time-periodic  low 
Reynolds  number  fluid  mechanics  problems  has  been  observed  experimentally  and  numeri¬ 
cally  [1.2,3,8.9,16].  Under  slow  time  modulation  of  a  steady  state  configuration  these  flows 
simultaneously  exhibit  chaotic  particle  paths  and  large  scale  structures  [1,2,3,8,9,16].  These 
features  include  homoclinic  tangles  [8],  Smale  horseshoes  with  their  attendant  chaotic  dy¬ 
namics  [8,16],  island  chains  [1,2,3.8.9,16],  and  whorls  and  tendrils  [1,2,3]. 

The  theory  of  dynamical  systems  has  been  used  to  explain  some  of  these  phenomena. 
This  is  because  time-dependent  two-dimensional  fluid  mechanics  problems  cam,  depending 
on  the  stirring  protocol,  be  treated  either  as  one  degree  of  freedom  Hamiltonian  systems 
[3,8,9,16]  or  as  nonintegrable  area-preserving  maps  [1,2,16]. 

The  field  of  time-dependent,  two-dimensional  Stokes’  flows  remains  largely  unexplored, 
however.  In  addition  to  developing  the  mathematical  description  of  these  flows  within  the 
framework  of  the  quasisteady  Stokes’  approximation,  there  are  many  open  questions  about 
the  transport  and  mixing  of  fluid  particles,  and  about  the  stretching  of  line  elements  in 
these  flows.  For  example,  what  is  the  size  of  the  mixing  zone?  Given  that  one  cam  define 
different  regions  within  the  mixing  zone,  what  is  the  rate  of  transport  of  fluid  into  and 
out  of  these  regions?  What  are  the  characteristics  of  the  residence  time  distribution  in 
each  of  these  regions?  At  what  rate  must  the  flow  field  be  modulated  to  achieve  the  most 
efficient  mixing  and  the  most  efficient  stretching  of  a  line  segment  of  tracer  particles?  We 
emphasize  that  this  is  just  a  partiad  list. 

Furthermore  the  dynamical  systems  tools  [4.5.6,7,19]  specific  to  time-periodic,  two- 
dimensional  Stokes’  flows  have  not  been  applied  to  any  of  these  problems,  except  in  a  brief 
talk  on  the  eccentric  journal  bearing  problem  by  the  first  author  [8].  These  tools  include 
the  adiabatic  Melnikov  function  [4,5,6,191,  action  integrals  for  flux  amd  lobe  area  [6],  as 
well  as  the  adiabatic  switching  method  [7]. 
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The  purpose  of  this  paper  is  twofold.  First  we  demonstrate  why  time-dependent, 
two-dimensional  Stokes’  flows  constitute  adiabatic  dynamical  systems.  Second  we  show 
how  detailed  knowledge  of  both  the  structures  in  the  fluid  and  the  theory  of  adiabatic 
dynamical  systems  can  be  used  to  answer  some  of  the  questions  asked  above.  The  first 
part  is  valid  for  flows  with  general  time  dependence  and  is  discussed  in  section  2.  The 
second  part  focuses  specifically  on  continuously  modulated  time-periodic  Stokes’  flows  in 
the  two-roll  mill  apparatus  and  occupies  the  remainder  of  the  paper.  Despite  this  narrow 
focus  in  the  second  part,  however,  our  results  are  applicable  to  other  two-dimensional 
Stokes'  flows  which  are  periodic  or  quasiperiodic  in  time. 

This  paper  is  split  into  six  sections.  As  mentioned  before,  we  present  the  discussion, 
comprising  the  first  part  of  this  paper,  of  why  time-dependent,  two-dimensional  Stokes’ 
flows  are  adiabatic  dynamical  systems  in  section  2.  In  section  3  we  present  the  steady  state 
flows  in  the  corotating  two-roll  mill  device.  The  stirring  protocols  for  the  time-periodic 
flows  we  study  are  detailed  in  section  4.  In  section  5  we  use  dynamical  systems  tools  to 
describe  the  rich  dynamics  and  structures  present  in  the  time-periodic  flows.  In  section 
6  we  show  how  a  detailed  knowledge  of  this  rich  dynamics  leads  to  specific  formulas  for 
computing  some  of  the  quantities  enumerated  above.  We  report  on  our  preliminary  results 
concermng  the  location  and  quantitative  measurements  of  the  size  of  the  mixing  zone  for 
two  different  stirring  protocols.  Finally,  in  the  conclusion  we  discuss  the  relation  between 
the  flow  fields  generated  by  continuous  in  time  protocols  and  those  generated  by  blinking 
protocols. 

We  remark  that  this  extended  abstract  constitutes  a  brief  report  of  our  work  to  date. 
We  are  planning  a  more  complete  paper  for  later  publication.  We  also  remark  that  we  are 
also  in  the  preliminary  stages  of  cooperating  on  a  joint  analytical  and  experimental  effort 
to  study  this  problem  with  Dr.  L.G.  Leal  in  the  chemical  engineering  department  at  UC 
Santa  Barbara. 


2.Time-Dependent  2-D  Stokes’  Flows  as  Adiabatic  Dynamical  Systems 


In  this  section  we  demonstrate  why  a  time-dependent,  two-dimensional  Stokes’  flow 
constitutes  an  adiabatic  dynamical  system.  First  we  discuss  what  an  adiabatic  dynamical 
system  is,  and  then  we  present  the  two  main  arguments  justifying  the  above  statement. 

For  the  purposes  of  this  paper  an  adiabatic  dynamical  system  is  a  Hamiltonian  system 
which  depends  continuously  and  periodically  on  a  parameter  which  varies  slowly  in  time. 
The  Hamiltonian  for  these  systems  is  H  =  H(p,  q\  A  =  et ),  where  p  and  q  are  canonically 
conjugate  variables  coordinatizing  a  two-dimensional  symplectic  manifold,  A  is  the  time- 
dependent  parameter,  and  e  4Z.  1.  The  equations  of  motion  are 


•  dHi  n 
q  *  A) 

OH. 

P  =  — (P,g-,A) 

A  =  €  . 


(1). 


We  remark  at  the  outset  that  similar  results  exist  for  flows  which  are  quasiperiodic  and 
aperiodic  in  time  [6]  although  we  do  not  discuss  these  in  this  paper. 

During  the  time  evolution  of  (1)«  through  one  period  of  the  modulation  0(1)  changes 
can  occur  in  the  vector  field.  These  0(1)  changes  include  0(1)  changes  in  the  position 
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of  a  hyperbolic  orbit,  0(1)  motions  of  the  stable  and  unstable  manifolds  of  a  hyperbolic 
orbit,  and  0(1)  changes  in  the  areas  in  phase  space  of  regions  which  are  occupied  by  a 
given  type  of  orbit. 

Examples  in  which  the  position  of  the  hyperbolic  orbit  of  (1),  varies  over  am  0(1) 
distance  as  A  is  changed  slowly  in  time  include:  the  corotating  eccentric  journal  bearing 
problem  when  the  ratio  of  the  singular  velocities  of  the  shaft  and  casing  is  greater  than  a 
critical  ratio  which  depends  on  the  geometry,  the  pendulum  with  Hamiltonism.  H(p .  q,  A)  = 

—  cos(<?  A ) .  and  as  we  shall  shortly  see  the  corotating  two-roll  mill,  as  well  as  many 
other  examples  from  particle  accelerators,  celestial  mechanics,  and  plasma-confinement 
systems. 

The  first  reason  that  time-dependent  two-dimensional  Stokes’  flows  are  adiabatic  dy¬ 
namical  systems  is  that  they  are  Hamiltonian  systems  which  depend  on  a  parameter  which 
changes  slowly  and  continuously  in  time.  These  flows  are  described  by  the  Hamiltonian 
vector  field 

dH 

x  =  -t— ( x.y;  A) 
dy 


dH . 

y  =  __(I.va) 


A  =  g , 


where  A  is  the  parameter  which  varies  slowly  in  time,  H  is  the  Hamiltonian  (streamfunc- 
tion),  and  the  two  spatial  coordinates  x  and  y  are  the  canonically  conjugate  variables. 

Time  dependent  Stokes'  flows  must  satisfy  <  1,  where  r  is  the  time-scale 

of  the  modulation  and  U  and  L  are  the  characteristic  velocity  and  length  scale,  respec¬ 
tively,  of  the  flow.  U  and  L  depend  on  the  geometry  of  the  flow  field  at  hand.  Hence  if 
the  parameter  A.  such  as  the  ratio  of  the  angular  velocities  of  the  rollers  in  the  two-roll 
mill  device  or  the  ratio  of  the  shaft  and  casing  angular  velocities  in  the  eccentric  journal 
bearing  problem,  is  i^udulated  in  time,  this  modulation  must  be  done  continuously  and 
slowly  enough  so  that  the  system  stays  within  the  quasi-steady  Stokes’  approximation, 
r  »  L2/u.  Thus  from  a  purely  kinematical  point  of  view  once  one  accepts  the  validity 
of  the  quasisteady  Stokes’  approximation  for  describing  these  flows  adiabatic  dynamical 
system  theory  should  be  used  to  study  them. 

The  second  reason  adiabatic  dynamical  systems  theory  should  be  used  is  that  large 
scale  changes  can  occur  in  the  flow  field  during  the  time  modulation.  For  example,  the 
saddle  point  may  move  a  distance  as  large  as  the  characteristic  length  scale  of  the  problem 
-  an  0(1)  distance  -  during  one 'period  of  the  modulation.  If  this  happens,  as  it  will  under 
the  second  of  our  two  stirring  protocols  in  the  two-roll  mill  device,  then  the  stable  and 
unstable  manifolds  of  this  stagnation  point  which  form  the  homoclinic  tangle  and  the  Smale 
horseshoe  also  move  an  order  one  distance  during  the  modulation.  As  we  discussed  above, 
adiabatic  dynamical  systems  theory  is  ideally  suited  to  this  type  of  slow,  large  amplitude 
modulation. 

We  conclude  this  section  by  making  two  remarks.  First,  although  we  do  not  pur¬ 
sue  it  in  this  paper,  ail  of  the  above  analysis  applies  to  Stokes'  flows  with  general  time- 
dependence.  not  just  to  those  flows  which  are  periodic  in  time,  as  long  as  one  stays  in 
the  quasisteady  Stokes’  regime.  This  is  because  many  of  the  techniques  which  exist  for 
adiabatic  systems  apply  to  systems  with  general  time  dependence  [4,6,13,19]. 

Secondly,  regular  Melnikov  function  theory  will  not  be  of  much  use  for  Stokes'  flows. 
This  is  because  regular  Melnikov  theory  applies  only  to  autonomous  Hamiltonian  systems 
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with  small  amplitude,  0(1)  frequency  forcing.  Hence  it  can  only  be  used  for  flows  which 
undergo  small  amplitude  changes  during  the  modulation.  Although  some  chaotic  advection 
still  occurs  in  this  case  it  is  not  nearly  as  extensive  sis  when  the  flow  undergoes  large 
amplitude  changes.  Furthermore  the  requirement  that  the  forcing  be  of  0(1)  frequency  in 
order  for  the  theory  to  apply  takes  one  out  of  the  quasi-steady  Stokes'  approximation.  Thus 
the  use  of  regular  Melnikov  theory  cannot  be  justified  from  a  fluid  mechanical  standpoint. 

3.Seady  State  Flow  Geometry 


In  this  section,  we  study  the  steady  state  Stokes'  flow  generated  exterior  to  two  coro¬ 
tating  rollers  of  equal  radii.  The  fluid  has  no  velocity  parallel  to  the  axis  of  the  rollers. 
As  a  result,  the  flow  is  two-dimensional  and  the  problem  can  be  studied  as  an  integrabie 
one  degree  of  freedom  Hamiltonian  system  treating  the  streamfunction  as  a  Hamiltonian 
and  the  two  Cartesian  spatial  coordinates  as  canonically  conjugate  coordinates.  Fluid  is 
constrained  to  move  on  streamlines,  and  the  dynamics  of  the  flow  is  completely  determined 
by  the  streamfunction. 

We  formulate  the  steady  state  problem  using  the  natural  bipolar  coordinate  system 
with  a  and  3  as  the  orthogonal  coordinates.  See  figure  1  for  the  geometry  of  this  coordinate 
system. 

Figure  1. 

Bipolar  Coordinate  System 
A  B  are  the  points  a  =  ±oo 


The  equations  of  motion  for  the  steady  state  are: 

UOt  \lR 

with  no  slip  boundary  conditions  on  the  rollers  and  zero  velocity  at  infinity,  where  and 
CIr  are  the  constant  angular  velocities  of  the  left  and  right  rollers,  respectively,  and  h{ o,  3) 
is  the  metric  coefficient  in  the  bipolar  coordinate  system.  Figure  2  shows  tne  streamline 
pattern.  We  remark  that  a  position-dependent  change  of  the  time  variable  can  make  (3) 
Hamiltonian  in  bipolar  coordinates. 

*  Figure  2. 

Steady  State  for  Qi  =  Qr. 


The  flow  field  has  one  saddle  stagnation  point  along  the  line  of  centers  of  the  rollers 
and  two  stagnation  streamlines,  shown  in  figure  2,  terminating  on  the  saddle  stagnation 
point.  The  saddle  point  is  a  hyperbolic  fixed  point  of  the  autonomous  Hamiltonian  vector 
field  (3).  and  the  two  stagnation  streamlines  are  orbits  homoclinic  to  the  hyperbolic  fixed 
point.  These  homoclinic  orbits  are  also  called  separatrices.  In  fact,  each  homoclinic  orbit  is 
the  coincidence  of  one  branch  of  each  of  the  stable  and  unstable  manifolds  of  the  hyperbolic 
fixed  point.  We  observe  that  the  saddle  stagnation  point  is  located  at  the  midpoint  of  the 
line  of  centers  of  the  rollers,  when  Ql  =  fl/?,  and  that  the  areas  enclosed  by  the  stagnation 
streamlines  depend  on  the  value  of  See  figure  3. 
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The  streamfunction  used  in  (3)  will  be  derived  in  a  forthcoming  paper  [17].  It  is  a 
solution  of  the  biharmonic  equation  V4#  =  0  expressed  in  bipolar  coordinates  satisfying 
the  boundary  conditons  stated  above.  We  give  it  for  the  special  case  in  which  fit  =  Qr 
*  id  then  discuss  the  general  case. 

When  P.i  =  Qr.  we  find 


'J/'  Q-  ff)  =  - - T-i-"=*^n(Q)cosnJ 

Ur  nia.J)  1 

Ab  cosh  a  -  cos  J)  log(cosho  -  cos  J)  -r  D  cosh  a]  , 


where  =  An  coshl  (n  +  l)o)i-  f?n  coshlln  -  l)a).  Because  the  coefficients  in  i 

decay  rapidly  with  n,  one  can  truncate  the  series  after  a  finite  number  of  terms.  Then  the 
coefficients  can  determined  by  imposing  the  following  four  conditions:  symmetry  condi¬ 
tions.  the  no  slip  boundary  condition  on  the  rollers,  the  condition  of  no  normal  velocity  at 
the  surface  of  the  rollers,  and  the  condition  of  zero  velocity  at  infinity.  The  streamfunction 
for  the  steady  flow  when  the  corotating  rollers  have  unequal  angular  velocities  is  obtained 
by  adding  a  counterrotating  flow  of  the  appropriate  strength  to  (4).  We  have  obtained 
the  solution  for  the  purely  counterrotating  case  using  the  method  of  matched  asymptotic 
expansions  and  will  discuss  it  in  [17]. 


4. Stirring  Protocols 


In  this  section  we  focus  on  the  time- periodic  flows  generated  in  the  two-roll  mill  device 
by  two  stirring  protocols.  In  the  first,  the  angular  velocities  of  the  rollers  are  modulated 
continuously  and  periodically  in  time  such  that  at  every  instant  in  time  their  magnitudes 
are  equal.  Q^t)  =  f In  the  second,  the  angular  velocities  are  again  modulated 
continuously  and  periodically  but  now  such  that  they  are  out  of  phase.  See  figure  3. 

For  both  protocols  we  require  that  the  saddle  stagnation  point  be  present  at  ail  times 
during  the  modulation  in  order  to  use  the  results  ot  [4,5,6,7,19].  This  is  equivalent  to 
requiring  that  the  streamline  pattern  for  every  value  of  the  parameter  A  =  taken  on 

during  the  modulation  must  have  a  saddle  stagnation  point  on  the  line  of  centers  between 
the  two  rollers.  It  means  that  the  angular  velocities  must  maintain  the  same  sign  as  they 
have  initially.  We  also  require  of  both  protocols  that  the  modulation  is  done  slowly  and 

continuously  so  that  one  stays  in  the  Stokes'  limit  of  *  *  where  f 1  — 

the  average  of  the  angular  velocities  of  the  two  rollers.  R  =  RL  =  Rr,  the  radii  of  the  left 
and  right  rollers,  and  D  is  the  distance  between  the  centers  of  the  rollers. 

Figure  3. 

First  and  Second  Stirring  Protocols 

We  will  use  (4)  when  studying  the  time-periodic  flow  generated  by  the  first  stirring 
protocol  because  Qc(t)  =  for  all  t.  The  streamfunction  valid  for  the  general  coro¬ 

tating  case  will  be  used  in  studying  the  flow  generated  by  the  second  protocol. 

For  both  protocols,  Smale  horseshoe  chaos  is  present  and  the  dynamics  of  the  flow  in 
the  mixing  zone  is  governed  by  the  homoclinic  tangles.  In  the  next  section  we  will  discuss 
the  rich  dynamics  of  these  time  periodic  flows.  We  emphasize  here  that  one  will  not  see  a 
sequence  of  smooth  stagnation  streamlines,  one  corresponding  to  each  value  of  taken 
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on  during  the  modulation.  Even  if  one  did  not  know  anything  about  dynamical  systems 
theory  one  could  predict  this  result  from  the  incompressibility  of  the  fluid. 


5. Geometry  of  the  Time-Periodic  Flow 


In  this  section  we  describe  the  wealth  of  new  behavior  found  when  the  angular  veloc¬ 
ities  of  the  rollers  undergo  large  amplitude,  slow  and  periodic  in  time  modulations  ■  ■ 
both  of  the  stirring  protocols  discussed  above.  The  maun  result  is  that  a  mixing 
created  in  which  chaotic  advection  occurs,  large  scale  structures  arise,  and  stretc...  ... 
line  elements  is  exponential. 

The  application  of  either  of  our  two  stirring  protocols  causes  the  stagnation  streamlines 
to  break.  The  stable  and  unstable  manifolds  of  the  hyperbolic  orbit  intersect  each  other 
as  shown  in  figure  4  and  form  homoclinic  tangles  and  Smale  horseshoes  [4,5,19]. 

Periodicity  allows  us  to  simplify  the  transport  analysis  via  the  use  of  a  Poincare  map, 
T.  The  Poincare  map  associates  points  from  D  with  their  first  return  to  D ,  where  D  is 
the  two-dimensional  fluid  domain.  Tha  is  T  :  (x(f),  y(t))  —*  (x(t  +  r),  y(t  +•  r))  for  every 
(x.y)  €  D.  We  remark  that  the  period  of  the  modulation,  r,  is  proportional  to  where 
e  is  the  frequency  of  the  modulation.  Thus  as  «  — ♦  0  r  — »  oo  and  the  simulation  of  these 
systems,  both  experimental  and  numerical,  becomes  more  and  more  time  consuming. 

On  the  domain  of  the  Poincare  map  the  pieces  of  the  broken  stagnation  streamlines 
form  homoclinic  tangles.  These  broken  stagnation  streamlines  are  the  unstable  manifolds 
of  the  saddle  point  in  the  fluid  and  from  a  fluid  mechanical  point  of  view  are  streaklines. 
The  saddle  point  also  has  stable  manifolds  (these  one  can  see  by  simply  reversing  the  flow). 
Together  the  stable  and  unstable  manifolds  of  the  saddle  point  form  the  homoclinic  tangles 
that  are  the  backbone  of  the  main  mixing  zone.  We  describe  the  mixing  process  in  detail 
below  in  discussing  figure  6. 

On  the  Poincare  section  shown  in  figure  4.  four  distinct  regions,  defined  by  pieces  of 
the  stable  and  unstable  manifolds  of  the  hyperbolic  fixed  point  present  themselves. 

Figure  4. 

Domain  of  Poincare  Map  for  Second  Protocol 
Mixing  Zone  is  Region  III. 


The  two  annular  regions,  I  and  II.  adjacent  to  the  rollers,  correspond  to  the  area  bounded 
by  Arnold  tori  [14,12]  these  are  the  tori  which  persist  under  the  modulation  just  as  the  so- 
called  KAM  tori  are  the  tori  which  persist  under  smail-ampLitude  periodic  perturbations 
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of  autonomous  Hamiltonians.  The  flow  appears  to  be  smooth  in  most  of  these  regions 
except  for  in  the  resonance  bands  manifested  experimentally  by  so-called  island  chains. 
Chaotic  advection  is  also  associated  with  these  resonance  bands.  They  are  located  near 
the  broken  separatrix  because  the  periodic  orbits  whose  period  is  at  least  as  large  as  that 
of  the  modulation  lie  near  the  separatrix.  Fluid  in  regions  I  and  II  cannot  escape  by 
advection  but  only  by  the  much  slower  process  of  molecular  diffusion.  Since  the  time  scale 
for  diffusion  is  much  longer  than  that  of  the  chaotic  advection.  the  fluid  in  these  two  regions 
is  caiied  trapped.  Arnold  tori  also  exist  in  region  III  adjacent  to  the  container  wails.  Thus, 
region  III  is  also  a  region  in  which  fluid  is  trapped. 

Finally,  region  IV.  the  region  complementary  to  the  other  three,  is  the  main  mixing 
region.  Its  backbone  is  the  homoclinic  tangle.  This  is  the  region,  besides  the  isiand  char's, 
in  which  particle  paths  are  chaotic,  in  which  mixing  occurs,  and  in  which  material  lines 
stretch  exponentially.  We  present  results  about  its  size  and  the  rate  of  transport  of  fluid 
in  this  region  in  the  last  section  of  this  paper.  Region  IV  has  been  enlarged  for  clarity  in 
figure  4.  The  region  will  be  narrower  than  shown,  and  the  lobes,  defined  shortly,  shown 
will  be  narrower  and  longer  than  is  shown  [6].  The  region  can  be  split  into  three  parts 
corresponding  to  the  parts  inside  and  outside  of  the  solid  black  lines  which  are  also  called 
pseudo-separatrices. 

We  define  a  lobe  as  follows.  Let  .V  denoce  the  saddle  point  in  the  flow  and  WL\X) 
and  IVs;  A’)  one  branch  of  each  of  its  stable  and  unstable  manifolds.  For  definiteness,  we 
take  the  branches  emanating  to  the  right  of  the  saddle  point,  though  the  concept  applies 
equally  well  to  the  branches  emanating  to  the  left.  Let  P  denote  a  point  of  intersection  of 
\VS'X)  and  P'k’(A')  and  WSP  and  WL  P  denote  the  segments  of  WS(X)  and  \Vb{X), 
respectively,  connecting  P  and  X.  We  say  that  P  is  a  primary  intersection  point  (pip)  if 
IVs P  and  I Vv P  intersect  only  in  P.  Now  take  two  pips.  P  and  Q,  such  that  there  are  no 
other  pips  on  the  segments  of  WS(X)  and  \VU{X)  connecting  them.  The  region  bounded 
by  the  pieces  of  \VS(X)  and  WU(X)  connecting  P  and  Q  is  defined  as  a  lobe.  See  figure 
5. 

Figure  5.  A  Lobe 


Now  we  discuss  the  mixing  in  these  flows  and  the  mechanism  underlying  it.  One  will 
see  fluid  particles  transported  between  distinct  regions  defined  by  pieces  of  these  broken 
streamlines.  In  addition  tracer  line  elements  in  the  fluid  will  stretch  exponentially. 

The  sequence  of  pictures  in  figure  6  shows  how  an  initial  distribution  of  tracer  particles 
evolves  after  the  first  two  periods  of  the  modulation. 

Figure  6. 

Evolution  of  Tracer  Particles 
Illustrating  Transport  of  Lobes 

A.  Poincare  map  with  initial  distribution  of  tracer.  B.  Poincare  map  after  one  period.  C. 
Poincare  map  after  two  periods. 


In  each  period  of  the  modulation  a  lobe  of  fluid  leaves  region  III1  and  enters  region  III2  and 
vice  versa.  The  same  is  happening  between  regions  III1  and  III3,  not  shown  in  figure  6.  (We 
remark  that  the  system  can  be  said  to  have  a  turnstile  [18]  and  the  two  lobes  of  fluid  which 
change  regions  in  one  period  of  the  modulation  are  referred  to  as  turnstile  lobes).  The 
picture  gets  more  complicated  after  each  subsequent  period.  Note  that  incompressibility 
guarantees  that  equal  amounts  of  fluid  enter  and  leave  the  regions  bounded  by  pseudo- 
separatrices  in  each  period.  Thus  the  homoclinic  tangle  is  the  backbone  of  the  mixing 
zone,  and  the  lobe  dynamics  associated  to  the  tangle  governs  the  fluid  motion  there. 
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Quantitative  measurements  of  transport  and  stretching  in  region  IV  can  now  be  made 
given  quantitative  knowledge  of  the  lobes,  and  we  discuss  this  in  detail  in  the  next  section. 
As  we  remarked  before  adiabatic  dynamical  system  theory  [4.5,6,19]  is  ideally  suited  to 
systems  in  which  the  flow  field  undergoes  0(1)  amplitude  changes.  Finally  we  remark  that 
the  problem  is  nonintegrable  [4,5.19]  and.  in  the  absence  of  molecular  diffusion,  reversible. 

Before  concluding  this  section,  we  discuss  a  second  approach  based  on  the  adiabatic 
switching  method  that  we  are  taking  to  arrive  at  these  quantitative  measurements.  The 
adiabatic  switching  method  represents  »  highly  developed  approximation  scheme  to  deter¬ 
mine  whether  or  not  a  particle  crosses  the  pseudo-sepaiatrix  during  any  given  period  of 
the  modulation.  This  is  akin  to  the  role  the  wiiiaker  or  separatrix  map  [15]  plays  for  vector 
fields  which  are  time-dependent  small  amplitude  perturbations  of  autonomous  Hamiltoni¬ 
ans.  The  adiabatic  switching  method  has  not  been  applied  in  the  context  of  low  Reynolds 
number  fluid  mechanics  and  represents  a  potentially  powerful  tool  to  measure  the  transport 
quantities  we  seek.  Furthermore,  resuits  from  this  method  have  not  been  compared  with 
results  obtained  from  an  exact  dynamics-based  technique  such  as  the  one  we  are  using  in 
the  principal  part  of  our  study. 

6. Results  from  Applying  Adiabatic  Tools 


In  this  final  section  we  state  our  results  for  the  areas  of  the  mixing  zone  and  of  a  lobe 
and  also  the  give  the  basic  formulas  to  be  used  in  studying  the  transport  in  the  mixing 
region. 

The  size  of  che  mam  mixing  zone  under  the  first  protocol  is  given  to  a  certain  orde- 
of  approximation  by  the  area  between  the  minimum  and  maximum  frozen  separatr. 
[12.13,6],  .4,.  See  figure  7.  In  addition  the  area  of  a  lobe  in  (2)  is  given  to  leading  oruer 
by  .4,  [6]. 

Frozen  separatrices  cam  be  understood  as  follows.  For  any  instantaneous  value  of  the 
angular  velocities  of  the  rollers  one  has  a  corresponding  steady  state  flow  pattern.  This 
flow  field  has  a  stagnation  streamline  which  is  called  a  frozen  separatrix.  We  emphasize 
that  frozen  separatrices  are  never  realized  by  the  flow  of  (2)  because  the  periodic  mod¬ 
ulation  of  the  roller  angular  velocities  breaks  the  stagnation  streamline.  Instead  frozen 
separatrices  serve  merely  as  a  convenient  fiction  for  aiding  in  determining  the  area  of  the 
mixing  zone  and  that  of  a  lobe.  In  particular,  during  the  modulation,  the  sequence  of 
areas  enclosed  by  frozen  separatrices,  one  area  for  each  instantaneous  steady  state  flow 
pattern,  is  an  aitemacingly  expanding  and  contracting  sequence.  Thus  the  area  enclosed 
by  the  frozen  separatrix  oscillates  between  a  minimum  and  maximum  area  [12,13.6].  The 
difference  between  the  minimum. and  maximum  areas  is  exactly  A,.  We  remark  that  frozen 
separatrices  are  distinct  from  the  pseudo-separatrices  formed  by  pieces  of  the  stable  and 
unstable  manifolds. 

Figure  7. Frozen  Separatrices  for  First  Protocol 


The  shaded  area  shown  in  figure  7  is  then  the  area  between  the  minimum  and  maximum 
frozen  separatrices  and  to  leading  order  gives  the  area  of  the  mixing  zone  [6],  This  result 
is  valid  to  0(e)  and  thus  gives  a  good  approximation  to  the  area  of  the  mixing  zone  for 
slowly  modulated  flows. 

Under  the  second  protocol  the  area  of  the  main  mixing  zone  can  also  be  determined 
to  leading  order  from  two  frozen  separatrices.  The  area  can  be  obtained  directly  from  the 
shaded  region  in  figure  8.  We  refer  the  reader  to  [6]. 

Figure  8. 
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Frozen  Separatrices  for  Second  Protocol 


To  obtain  quantitative  information  about  the  lobes  for  both  protocols,  we  rely  pri¬ 
marily  on  the  adiabatic  Melnikov  function  ,'4.3.6,19).  It  is  given  by 


Mm  X)  = 


d<b  d2* 

dx  dydX 


d$  d2* 

dy  dxdX 


}(q£(t))dt.(  5) 


where  q£[t)  represents  the  separatrix  for  the  system  with  the  parameter  A  fixed  at  A  =  Si.. 

Ma(  X  )  is.  up  to  a  normalization,  the  first  term  of  the  Taylor  expansion  of  the  distance 
between  the  stable  and  unstable  manifolds  of  the  hyperbolic  orbit  as  a  function  of  the 
time  of  flight  along  the  separatrix  of  the  steady  state  flow.  Integrating  it  between  two 
zeroes,  which  correspond  to  intesection  points  of  those  manifolds,  gives  the  area  of  a  lobe 
[6]  and  this  quantity  is  equal  to  leading  order  to  A,  |6],  We  remark  here  that  this  result 
cannot  be  proven  directly  from  the  Poincare  map  of  the  flow  but  instead  relies  entirely 
on  the  connection  between  the  theory  of  action  in  classical  mechanics  and  the  adiabatic 
Mel’nikov  theory  [6j. 

Now  we  mention  only  one  of  the  transport  formulas  we  need.  Given  an  initially 
uniform  distribution  of  tracer  fluid  in  region  1.  the  amount  of  fluid  which  leaves  this  region 
after  n  periods  is  given  by 


a„  =  Mn1J)-ri:;'V(£>12nr‘s‘J).  (6) 

where  /x  gives  the  area  of  the  lobe  [10,11].  The  lobes  £12,Z?12,..  are  marked  in  figure  6. 
This  formula  only  requires  knowledge  of  the  intersections  of  all  forward  iterates  of  one  of 
the  two  turnstile  lobes  with  the  second  turnstile  lobe.  This  is  simplifies  the  numerical  work 
except  that  one  must  still  integrate  over  long  time  intervals  because  the  return  time  of  the 
Poincare  map  is  proportional  to  •£. 

We  have  additional  formulas,  given  the  initial  distribution  of  tracer  particles  in  the 
fluid,  to  determine  the  amount  of  tracer  fluid  in  each  of  the  three  regions  after  the  first 
several  periods  [10,11],  Furthermore,  we  have  extended  these  formulas  so  that  we  can 
compute  the  rates  of  multiple  region  changes.  For  example,  if  some  of  the  tracer  fluid 
initially  in  region  1  flows  into  region  2  during  the  fc-th  period,  we  can  compute  the  amount 
of  it  which  will  reenter  region  1  during  the  (k  +  n)-th  period  for  any  n.  These  are  based 
in  paxt  on  the  same  simplifying  idea  used  in  the  derivation  of  formulas  such  as  (6)  and  a 
detailed  understanding  of  Birkhbff  signatures. 

Finally,  we  remark  that  using  the  results  from  the  above  transport  computations  we 
can  establish  residence  time  distributions  for  each  of  the  regions,  or  even  of  subregions, 
in  the  flow.  This  entails  obtaining  statistics  from  the  above  transport  calculations  and 
determining  the  amount  of  tracer  fluid  in  a  given  region  as  a  function  of  time. 

7.  Conclusion 

We  have  presented  the  outline  of  our  transport,  mixing,  and  stretching  study  in  chaotic 
Stokes’  flows  which  is  based  on  the  structures  found  in  these  flows  and  on  the  ideas  of 
adiabatic  dynamical  systems.  We  have  given  analytic  formulas  for  the  area  of  the  mixing 
zone,  for  the  area  of  a  lobe,  and  for  the  evolution  of  a  given  distribution  of  tracer  particles. 
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We  now  make  a  few  comments  about  extension  of  our  results.  The  technique  behind 
our  mixing  zone  size  result  is  valid  for  continuous,  periodic  stirring  protocols  other  than 
the  ones  %ve  study  [6]. 

In  particular  suppose  one  takes  a  sequence  of  protocols,  for  each  of  which  Q  £,  and  Qr 
are  ISO  degrees  out  of  phase,  which  limit  on  a  square  wave  (here  we  are  not  concerned 
about  maintaining  the  quasisteady  approximation).  For  each  continuous  protocol  in  this 
sequence,  our  technique  gives  the  size  of  the  mixing  zone  in  the  flow.  Thus,  we  have  a 
sequence  of  mixing  zone  sizes. 

Now  the  limit  of  our  protocol  sequence  is  called  the  blinking  or  alternating  protocol. 
Thus  the  question  arises  as  to  whether  the  limit  obtained  above  is  the  area  of  the  mixing 
zone  in  the  blinking  two- roll  mill.  D linking  protocols  have  been  studied  in  several  flows, 
however  the  area  of  mixed  fluid  has  only  been  determined  numerically.  The  present  idea 
may  yield  an  analytical  result.  In  general  the  relationship  between  continuous  protocols 
and  discontinuous  ones  deserves  further  exploration,  certainly  since  a  blinking  type  protocol 
is  easier  to  achieve  experimentally. 
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Figure  j.  Four  regions  of  cunt-periodic 
Region  III  is  cne  mixing  zone, 


^  -k  w  w  . 


F/«.i 

A-LsBZ 


4x  Evolution  of  an  initial  ditribution  of  tracer  particles. 

The  mechanism  for  transport  is  the  lobe  dynamics  of  the 
homoclinic  tangle. 

A  shows  the  initial  distribution. 

3  3howa  the  Poincare  map  one  period  of  the  flow  later 
C  shows  the  Poincare  map  after  two  periods  of  the  evolution. 
After  each  period  one  sees  that  a  lobe  of  fluid  leaves  region 
and  enters  region  IIIC  and  vice  versa. 

The  same  is  happening  between  regions  IIIA  and  IIIB. 
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Vbstract—  A  —  .-de:  of  droplet  evaporation  in  clusters  and  the  escnange  processes  between  the  cluster  and 
~.i  Cas  r'ase  -urrounding  it  are  presented  This  model  is  developed  for  use  as  a  vubscaie  model  m 
.a. cu. aliens  at  .pray  evaporation  and  combustion  and  thus  describes  omv  global  features  of  cluster 
behavior  The  gas  pressure  in  the  cluster  remains  constant  during  evaporation  and  as  a  result  the  volume 
■t  'he  c. aster  and  the  droo  number  density  inside  the  cluster  varv  Two  turbulence  models  are  considered 
The  nrst  one  describes  Cluster  evaporation  in  surroundings  initially  devoid  of  turbulence  and  turbulence 
s  a. lowed  to  build  up  with  time  The  second  model  describes  cluster  evaporation  in  surroundings  where 
•urbuience  ;s  present  initially  The  results  obtained  with  these  models  show  that  turbulence  enhances 
evaporation  and  is  a  controlling  factor  in  the  evaporation  of  very  dense  clusters,  examples  are  shown 
a r, ere  with  the  nrst  turbulence  model  saturation  was  obtained  before  complete  evaporation  whereas  tne 
■rposite  was  obtained  with  the  second  turbulence  model  As  the  initial  air  fuel  mass  ral.u  increases,  both 
•urbuience  history  and  the  inmai  relative  velocity  between  drops  and  gases  can  control  evaporation  It  is 
•mown  that  the  evaporation  time  decreases  with  an  initial  increase  in  turbulence  levels  or  relative  velocity 
When  the  initial  air  *'uel  mass  ratio  increases  further  and  the  initial  drop  number  density  fails  within  the 
dilute  -egtme.  neither  of  the  above  parameters  can  control  evaporation  Moreover,  the  evaporation  time 
decreases  with  tne  decreasing  size  of  the  cluster  for  dense  clusters  of  drops,  whereas  for  dilute  dusters  of 
drops  the  size  is  not  a  controlling  factor  The  practical  implications  of  these  results  are  discussed 


1  INTRODUCTION 

The  mathematical  formulation  ot' spray  combustion 
is  extremely  complicated  due  not  only  to  the  great 
number  of  phenomena  to  be  described  but  also  due 
to  the  tact  that  the  space  scales  involved  m  these 
phenomena  are  vastly  different.  For  example,  a  few 
of  the  most  obvious  scales  are  the  scale  of  the  com¬ 
bustor  itself,  the  many  turbulent  scales  associated  with 
turbulence  build  up  and  decay,  the  scale  of  droplet 
interactions  and  the  scale  of  the  drops  themselves. 
These  scales  vary  by  many  orders  of  magnitude  from 
the  largest  one  to  the  smallest  one  and  thus  it  is  obvi¬ 
ous  that  an  accurate  mathematical  description  at  all 
scales  is  impractical.  Instead,  a  sound  approach  is  to 
describe  tn  detail  the  macroscale  where  many  of  the 
phenomena  of  interest  to  engineers  involved  in  the 
design  of  combustors  occur,  and  to  associate  and 
couple  to  this  description  that  of  phenomena  occur¬ 
ring  at  scales  much  smaller  than  those  of  immediate 
interest  This  second  part  of  the  formulation  is  called 
a  subscale  or  subgnd  model  because  the  phenomena 
to  be  described  occur  at  a  scale  much  smaller  than 
that  of  the  grtd  size  used  to  computationally  solve  the 
macroscale  problem.  By  the  very  nature  of  this  two- 
level  formulation,  the  subscale  models  are  more 
approximate  than  the  macroscale  models  and  lack  the 
detail  that  the  latter  one  must  have  in  order  to  be 
useful. 

The  work  described  here  pertains  to  a  subscale 
model  to  be  used  for  the  description  of  spray  evap¬ 
oration  in  a  combustor.  Within  the  frame  of  this 
approximation  it  is  intended  that  the  gas  phase  tn 
the  combustor  be  described  by  the  solution  of  the 


macroscale  equations  at  certain  grid  points .  this  is  an 
Eulerian  approach  In  contrast,  the  spray  is  par¬ 
titioned  into  clusters  of  drops  that  have  a  size  vmaller 
than  that  of  the  grid,  and  each  cluster  is  followed  in 
as  trajectory,  this  is  a  Lagrangtan  approach  The 
coupling  between  the  two  formulations  is  achieved 
through  the  transfer  of  mass,  species  and  heat  to  and 
from  the  duster.  The  partition  of  the  spray  into  dus¬ 
ters  as  explained  above  is  not  an  artifact  because  it  is 
corroborated  by  experimental  evidence  (l| 

What  is  desertbed  below  is  only  the  subgnd  model 
uncoupled  from  the  macroscale  formulation  This 
means  that  the  properties  of  the  gas  phase  sur- 
roundtng  the  duster  of  drops  are  assumed  known,  and 
what  is  of  interest  to  describe,  solve  for  and  analyze 
is  the  behavior  of  a  duster  of  drops  in  this  given 
environment. 


2.  MODEL  FORMULATION 

Figure  I  shows  the  situation  under  consideration. 
A  monodisperse  collection  of  uniformly  distnbuted 
droplets  of  a  single-component  volatile  compound 
is  immersed  into  gases  at  a  higher  temperature  and 
exposed  to  a  convective  flow  As  a  result,  heating  ol 
the  drops  and  evaporation  occurs.  At  each  instant  of 
time  the  envelope  of  the  cluster  of  particles  is  called 
the  surface  of  the  duster.  The  volume  enclosed  by  the 
surface  is  called  the  duster  volume .  it  contains  both 
drops  and  gas.  Since  the  pressure  is  maintained  con¬ 
stant  during  this  process,  the  volume  of  the  cluster 
will  change  with  time 

The  point  of  departure  of  the  present  model  is  the 
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NOMENCLATURE 

transverse  area  of  the  cluster  [cm:]  t  time  [s] 


■Ij  cross-sectional  area  of  a  drop  (cm-] 

,  a  radius  of  the  sphere  of  influence  (cm) 

|  C  -m  (4?rlp,£)‘/?''] 

!  C,  specific  heat  at  constant  pressure 

>ji  g  K.  ■  ] 

dC.,  fitted  C„  -  C,  for  the  saturation  pressure 
curve  (cal  g"  K"] 

Cr  constant 

0  difTusivity  [cm;  s  '  ] 

E,  rate  of  enthalpy  transfer,  equation  ( 19) 

|  f;  rates  of  enthalpy  transfer  for  turbulence 

models  I  and  2  [j  =  1  and  2). 
equations  (22)  and  (25) 

H  enthalpy  (cal] 

h.„  ir*  p;'u 

H  H  H.„ 

h  specific  enthalpy  (calg  "] 

>t°  enthalpy  of  the  gases  at  T,„  (cal  g  ~ '  ] 

|  hL  enthalpy  of  the  liquid  at  r.„  (cal  g'  ] 

j  L  latent  heat  of  evaporation  (calg"] 

Le  Lewis  number 

It  turbulent  length  scale  [cm] 

V  rate  of  mass  transfer,  equation  (21) 
j  M  .  rate  of  species  i  transfer,  equation  (20) 

V/  rate  of  species  i  transfer  for  turbulent 
models  1  and  2  (y  »  I  and  2). 
j  equations  (23)  and  (26) 

m  evaporation  rate.  -(l..V)dmd,d/ [gs*1] 

mass  of  alf  drops  in  the  cluster  [g] 

I  mass  of  fuel  vapor  [g] 

m,  mass  of  gases  inside  the  cluster  [g] 

m..f  4npfRa‘ 

m  m  m,et 

.V  total  number  of  drops 

n  drop  number  density  (cm "  ’] 

.Vu  Nusseli  number 

p  iressure  [atm] 

Pr  Prandtl  number 

Re  2Rur,vf 

Rec  2(^c(u,  .i/:),n]°  5ua/vfr 

I  R*  universal  gas  constant 

j  (atmcmJmol‘' K'1] 

j  R»  universal  gas  constant  (cal  mol ' 1 1C  ‘  'J 

$  radius  of  the  cluster  (cm) 

£  £/*° 

R,  R  R° 

R  drop  radius  (cm) 

T  temperature  (K) 

R°:  D* 


r  radial  coordinate  centered  at  a  drop's 
center  [cm] 

r  radial  coordinate  centered  at  the  cluster's 

center  [cm] 

R:  a.R° 

Sh  Sherwood  number 

u  velocity  [cm s" ] 

v  volume  of  the  cluster  [cmJ] 

f  radial  gas  velocity  inside  the  sphere  of 
influence  (cm s'  ) 

IV  trapping  factor',  equation  (13) 

w.  molecular  weight  (g mol'  ] 

v  r  RO 

:  r  R. 

Greek  symbols 

i  constant  for  the  Langmuir-ICnudsen 

evaporation  law.  4rt 

*>  iv,, 

T  genenc  function  representing  8  or  Y 

£  evaporation  efficiency,  equation  (29) 

9  CnT'U 

-i  conductivity  [cal  cm  "  s ' 1  K '  ] 

M  viscosity  [gem'1  s'  | 

v  kinematic  viscosity,  p/p  [cm; s'  ] 

p  density  [gem  ’] 

P  PP« 

P*t  P  'VfG^,  ( R* L^) 

a  I  —/ 

t  ft..,. 

Subscnpts 

a  at  the  edge  of  the  sphere  of  influence 

ag  ambient  gas 

bn  normal  boiling  point 

c  cluster 

ch  characteristic  value 

d  drop 

Fv  fuel  vapor 

g  gas 

I  liquid 

r  relative 

s  drop  surface. 

Superscripts 

x>  in  the  far  field  of  the  external  gas  phase 
0  initial  value 

f  final .  either  when  R ,  -  0  04  or  when 

evaporation  stopped. 
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model  of  convective  drop  evaporation  given  by  ref. 
[2|  In  that  model  the  duster  of  drops  was  adia- 
naticaily  insulated  from  the  surroundings  and  the 
drops  were  moving  together  as  a  rigid  entity  through 
the  rlow  As  a  result,  the  gas  pressure  inside  the  cluster 
varied  during  evaporation  In  contrast,  m  the  present 
model  there  is  mass  and  energy  exchange  across  the 
surface  of  the  cluster  and  drops  move  with  respect  to 
each  other  If  they  move  away  from  each  other,  then 
expansion  occurs,  if  they  move  towards  each  other 
than  contraction  occurs  Thus,  in  this  new  configur¬ 
ation  the  drop  number  density  becomes  a  dependent 
variable  whereas  the  pressure  becomes  a  constant. 

The  main  assumptions  regarding  the  liquid  and  gas 
phases  have  been  described  in  detail  elsewhere  [3]  and 
thus  will  not  be  discussed  here.  Similar  to  the  study 
of  ref.  [3],  m  the  present  study  each  drop  is  considered 
surrounded  by  a  sphere  of  influence  the  radius,  a.  of 
which  is  the  half  distance  between  the  centers  of  two 
adjacent  drops.  The  ensemble  of  these  spheres  of 
influence  and  the  space  between  them  constitutes  the 
cluster  volume  However,  whereas  in  ref.  [2]  the  value 
of  the  radius  of  the  sphere  of  influence  was  a  constant, 
here  it  is  a  variable  with  time.  Moreover,  following  a 
previous  studv  [2],  the  present  formulation  has  three 
components  iai  the  description  of  mass,  species  and 
enthalpy  conservation  inside  the  sphere  of  influence 
of  each  droplet;  (b)  the  description  of  mass,  species 
and  enthalpy  conservation  in  the  cluster  volume ;  and 
ici  the  description  of  convective  effects  using  differ¬ 
ential  equations  expressing  momentum  conservation 
for  the  gases  and  the  drops.  The  present  description  of 
convective  effects  is  unchanged  from  ref  [2].  However, 
since  the  assumption  of  constant  gas  density  inside 
eacn  sphere  of  influence  (3)  is  no  longer  valid,  the 
solution  of  the  convective  diffusive  equations  inside 
each  sphere  of  influence  changes  from  its  simple 
expression  (4|  to 

(I) 


T(  1 1  =  C,  C •  exp 


C(p,D  >‘ 


d  v 


I  P.D) 


where  C,  and  C.  are  integration  constants  Now  since 
Let=  I .  ptD  *  ti.  Pr  and  using  the  classical  expression 

m-McC5  (2) 

with  the  assumption  Pr  »  0  8  one  obtains  the  fol¬ 
lowing  solution  for  t)t 


^,(n 


C,,  -  C;<  exp 


dr 

■7F71 

i 


(3) 


where  C  ,  and  C;,  are  functions  of  f>t,  ana  Since 
toilowing  the  Schvab-Zeldovich  approach  Y  is  a 
linear  lunction  of  P.  once  "  is  known  are  ’he 
various  K>  in  terms  of  i  .  Y  .  and  Y  . 

The  derivation  of  equations  1 1 1 — i  ? i  is  the  .'niv 
novelty  here  in  the  treatment  of  the  conservation  ;aws 
instde  the  sphere  of  influence  when  compared  wuh  the 
tormulation  ot  ret.  [2]  Both  boundary  conditions  and 
evaporation  law  at  the  surface  of  the  drops  are  :he 
same  as  in  ret.  [2]  Moreover,  the  energy  conservation 
lor  the  liquid  drops  is  also  the  vame  a>  in  ref  [2] 
in  that  it  considers  the  liquid  temperature  as  hems 
transient  and  a  function  of  the  radial  position 

Note  that  the  right-hand  side  of  equation  i3l  is 
not  analytically  iniegrable  and  tfi  n  can  no  longer  be 
simply  expressed  as  a  function  of  v  as  in  ref  U|  This 
is  due  to  the  relaxation  of  the  assumption  that  ptD  is 
a  constant.  With  this  new  formulation  the  equations 
must  be  solved  numerically,  unless  some  approxi¬ 
mation  is  made  in  order  to  evaluate 


Z(r)  «  10/  I  -Art  '4' 

‘  J, 

A  convenient  way  to  evaluate  Z(  i )  is  to  use  ihe  weak 
evaporation,  constant  viscosity  limit  solution 

i  1 5 1 

and  to  perform  the  integration  analytically  This 
approximation  preserves  both  ihe  concavity  of  the 
actual  temperature  and  us  boundary  values  at  r  =  P, 
and  R ;  and  therefore  is  expected  to  fit  well  within  the 
present  model  which  takes  a  qualitative  approach  to 
modeling  rather  than  a  quantitative  approach  This 
approximation  is  also  used  elsewhere  (5]  The  quali¬ 
tative  approach  used  here  is  specifically  concerned 
with  global  effects  and  does  not  attempt  to  describe 
accurately  spactal  dependence  of  the  dependent  vari¬ 
ables.  Moreover,  the  present  formulation  is  quali¬ 
tatively  accurate  only  when  the  total  number  of  drops. 
V.  is  much  larger  than  unity. 

To  complete  the  description  of  this  formulation, 
the  following  is  discussed  below :  ( I )  transfer  of  mass, 
species  and  enthalpy  from  the  cluster  to  the  external 
gas  phase;  (2)  the  behavior  of  the  external  gas  phase 
and  transport  of  mass,  species  and  enthalpy  to  the 
duster,  and  (3)  the  conservation  equations  lor  the 
entire  cluster. 


HUT  llil-H 
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(1)  Transfer  from  the  duster  to  the  external  gas 
phase 

The  challenge  here  is  to  describe  in  a  simple  wav 
the  mass,  species  and  energy  transfer  from  a  cluster 
with  a  moving  boundary  using  a  model  that  does 
not  discriminate  between  the  various  drops  and 
their  associated  surrounding  gas  phase  in  the  f- 
direction  i although  nonuniformities  in  r  are  taken 
into  accounti 

The  global  unsteadv  continuity  equation  inside  the 
sphere  of  influence  vteids 


I  P<r"  dr 


,d  R 

■IrrRdp^l,  -inR‘  —  p4, 


.  da 

-4fra'lp,r), -ina'  —  o,,,  (6) 

U  / 


Since  d R  dti  «  u-i,i 


d 

dr 


a/'  dr 


m  —  m. 


dU 


w  here 


m 


OM 


■irta' 


lp,(-  >,  "P,. 


do 

dr 


i') 


1 8 ) 


Two  physical  limits  can  occur 
i a)  The  strictly  steady  situation  where 

dnR  =  4«a;(p,t),  (9) 

and  according  to  equation  18)  one  obtains 

• 

=  m-drra-  —  p„  (10) 

In  this  limit  maximum  new  vapor  passes  through  the 
sphere  of  influence  and  escapes  to  ambient  Then 


m 

If),  =  , - 1 - • 

ibi  The  limit  where  all  new  vapor  is  trapped  into 
the  sphere  of  influence  as  its  surface  moves.  Then 


evaporation,  strictly  steady.  limit  W  —  0  because 
mt  ma. 

Since  in  this  model  there  is  no  distinction  between 
the  surface  of  the  cluster  and  surface  of  the  spheres  of 
influence  the  mass  and  enthalpy  loss  from  the  cluster 
are  respectively  \mWl  and  The  effect  of  the 

convective  flow  on  drop  evaporation  is  contained  in 
m  which  is  the  solution  of  the  purely  diffusive  evap¬ 
oration  case  multiplied  by  a  corrective  factor  as 
described  in  ref.  [2], 


i2l  The  behatior  ot  the  gas  phase  external  t/i? 
cluster  and  transport  to  the  duster 

In  order  to  be  consistent  wuh  the  treatment  ot  con¬ 
vective  drop  evaporation  of  ref  [2],  which  is  ,ull  pre¬ 
served  here,  where  convective  effects  are  considered 
as  a  correction  to  diffusive  evaporation,  the  external 
gas  phase  is  first  considered  to  have  a  purely  diffusive 
behavior  and  Y  and  y  satisfy 


r-  dr  '  dr  1 


=  0 


i  lit 


The  solution  of  this  equation  is 


r t r)  =  t  r,  -  rr  i  -  -  r  - 


i  1 6 1 


assuming  continuity  for  T  at  f  =  R  Thus 


dt>| 


d>i r''{Ut 


mi 


d  Y  \  I 


;si 


Similarly  to  the  description  of  convective  effects  of 
ref  [2],  these  are  seen  as  a  contribution  both  from  the 
individual  droplet  and  the  entire  cluster 

The  contribution  to  heat  transfer  from  the  indi¬ 
vidual  drops  is  due  to  the  cluster  porosity’  Consistent 
with  the  present  homogeneous  description  lor  the 
cluster  in  the  r-direciion  this  contribution  for  heat, 
species  and  mass  is  modeled  as 


m,0„  =  0 

(ID 

£i  *  (p,"  V  -p,A,  )".ff. 

i  I9> 

and 

» 

Vf.,  =  (p,‘  Y: -Pm  Y.  )M« 

1 20) 

da 

(c),  *  -r- 

(12) 

\l  »  (p,1  -P,,)U.  4C 

1 21 1 

The  physical  reality  is  somewhat  in  between  these  two 
limits  We  thus  define  a  trapping  factor' 


W  m  m,  (m,  -i-  ) 


and  model 


U),  -  (I  -  WO 


dna’pm  at 


(13) 


(14) 


Thus  this  expression  gives  the  velocity  of  the  gases  at 
the  edge  of  the  sphere  of  influence  in  the  general  case 
and  also  satisfies  the  above  two  limits  because  :  (i)  in 
the  dilute  limit  ma  «  mt  and  W  —  I  .  (in  in  the  strong 


The  heat  transfer  to  the  entire  cluster  is  highly 
dependent  upon  turbulent  transfer  between  the  sur¬ 
roundings  and  the  cluster.  Because  of  this,  it  is  very 
important  to  understand  how  the  history  of  tur¬ 
bulence  with  respect  to  that  of  evaporation  influences 
the  behavior  of  the  cluster.  For  this  reason,  two  tur¬ 
bulence  models  are  considered  and  compared  here 
Since  in  our  calculations  the  coordinate  system  is  fixed 
with  the  state  of  the  gases  at  t  *  0.  u,u  =  0  and  thus  in 
the  first  model  the  drops  do  not  act  initially  as  an 
entity,  but  rather  as  individuals  and  turbulence  builds 
up  with  time  if  the  cluster  porosity’  diminishes  ->ig- 
nificantlv  In  this  model  the  rate  of  heat  and  species 
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transfer  integrated  over  the  entire  surface  of  the 
cluster  is 


£;  , 

Xu/^Rid;  -r)„) 

(22) 

u ,  - 

V/  . 

Sh.  -1  £(  Y*  -  Yj 

(23) 

L'nder  the  assumption  of  similarity  between  heat  and 
mass  transfer  Sh.  =  \u  In  the  computations  further 
presentee  here  trie  value  of  Xu.  was  taken  to  be  that 
for  flows  around  a  i>pnere  up  through  the  turbulent 
range  [6J 


mass  loss  from  the  cluster  to  the  surroundings.  This 
is  expressed  as 

dm, 

_  ,V"i _  Vmlou  ^ (p,  - p  =  )u.Ac  (30) 

where 

I J  (  4*aJ  \ 

m,  =  V  |  47tr-p,(r)dr  -  (  V - —  vjp,,  l  31) 

«  K  J 

and  m,otl  is  given  by  equations  18)  and  i  14)  To  cal¬ 
culate  the  density  integral,  the  equation  of  state  is 
invoked  to  obtain 


Vu  =  1  -0  \9Pr  '■  Re'  '  (24) 

where  Re  is  based  upon  the  length  scale  [Afu,  u„)  rrj° 5 
and  -elocitv  us  [2]  The  quantity  A  (m,  ud)  is  an 
effective  cluster  area  which  was  found  to  be  im¬ 
portant  in  determining  the  drag  due  to  the  surface 
force  on  the  cluster  as  a  result  of  its  motion  through 
(he  gas  [2]  The  ratio  uf  is  in  fact  equal  to  the  non- 
slip  displacement  gas  flow  divided  by  the  total  gas 
flux 

The  second  turbulence  model  used  here  is  different 
from  the  rirst  one  in  that  the  turbulent  part  of  the 
Nusselt  rumber  is  changed  in  such  a  manner  as  to  be 
consistent  with  the  cluster  surroundings  being  initially 
turbulent  This  is  done  by  making  the  turbulent  con¬ 
tribution  of  Vu.  proportional  to  ua  rather  than  u,.  in 
this  second  formulation 

£■-  =4  -  £lprReT}#(dt* -t)„) 

c,,  '  ud  2  ! 

(25) 

V  =4*| ptD)1  (  UJ-  -^PrRej^&Y*  -Y„) 


|  d,ir|r;dr 


P 1  * c  p  o  I*  •  ~ 

R:u  J,  K..-  , 


where 


Kf.  -  K„  =  I  1 3  3 1 

was  used.  The  form  of  equation  1 3 1 )  becomes 
integrable  when  6,  is  given  by  the  approximation  of 
equation  (5)  and  Y is  obtained  in  a  similar  wav. 
In  this  manner  m,  can  be  approximated  by  an  ana¬ 
lytic.  non-linear  function  G 

mt  =  G(R:.  R,.n.  Yf„.  Kp„ ).  1 34) 

ic)  Consenation  of  fuel  capor  mass  inside  the 
cluster  The  time  change  of  fuel  vapor  mass  inside  the 
cluster  is  due  to  mass  addition  from  the  evaporated 
drops,  mass  addition  from  fuel  transported  from  the 
external  gas  phase  to  the  cluster  and  mass  depletion 
due  to  fuel  escaping  from  the  cluster  to  the  external 
gas  phase.  This  is  expressed  by 

~~  =  Smn-.M  p,  *  Up-  -  Vm,0„  Kp.„  <  35) 


(26) 

where 

where 

ReT  =  2p,,  Rui ,  pf 

(27) 

’Tip,  =  V 

CTsITlR 

(28) 

and  C T  is  a  constant. 

and  rriiol,. 

equations 

( 3 )  The  consen-ation  equations  for  the  entire  cluster 

L'nder  the  quasi-steady  assumption  these  equations 

are  as  follows. 

> 

J  -  /  11,01  \ 
mF>  =  V  p,Kf.4m-dr -i-  \V - r~ -V  Y, 

**  \  i  i 


1 36) 


pc*fRa'C„  v’Kp.dv  (j. 

R* Jr.  (3,(<r  Tp,  t-  y) 


(a)  Conservation  of  total  mass  of  liquid  fuel.  This 
states  that  the  mass  of  liquid  fuel  at  time  t  is  equal  to 
the  initial  fuel  mass  minus  the  mass  evaporated  from 
the  drops  Once  nondimensionalized  the  equation 
becomes 

£=!-*?.  (29) 

(b)  Consenauon  of  total  gaseous  mass  inside  the 
clutter  The  gaseous  mass  at  time  t  is  the  sum  of  the 
initial  gas  mass,  the  mass  evaporated  from  the  fuel, 
and  the  mass  entering  the  cluster  of  drops  minus  the 


and  using  again  the  approximation  of  equation  (5) 
we  can  approximate  by  an  analytic,  non-linear 

function  F 

mr,  =  F{Ri.R,.n.0„.8t,'  Yf.,.  Y,.J  (38) 

(d)  Consen-ation  of  total  enthalpy  inside  the  cluster 
The  change  of  total  enthalpy  inside  the  cluster  is  due 
to  enthalpy  being  transferred  from  the  external  gas 
phase  to  the  cluster  and  enthalpy  escaping  with  the 
gaseous  outflow  from  the  cluster.  In  all  the  cal¬ 
culations  made  here  it  was  assumed  that  initially  the 
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temperature  of  the  external  gas  phase  is  much  higher 
than  that  of  the  gases  inside  the  cluster,  so  that  heat 
conduction  from  the  gases  inside  the  cluster  to  the 
external  gas  phase  is  excluded.  Thus  the  enthalpy 
equation  is 


d/f 

Ur 


E  —E-  -  Vm, 


i34) 


•'.here'’.1  E  .:nd  £  ,;:e  respectively  given  by  equa 

tions  I'M.  -ti  -  is,  ^rij  i  22 1  or  •  25 1  and 

H  =  V '  |  i-.r-i'  dr  -  \  I  i*r-htjfdr 

.* 


1 40 1 


with 

i\.  =  <v  ■  -  c.^  i  Tt  —  r.cl  i  1 4 1 1 

•i  =  >r  -  C’..I  T  -  r.„  )  (42) 

L  =  li.-h,.  (43) 

With  the  above  definitions  H  becomes 


H  = 


T.  -  T.t,  )r:  dr 


—  4ir.Y 


r:T,p,dr 


G.,(  7^,  -  r.t,  lip,,.  (44) 


The  first  integral  in  equation  (44)  can  be  easily  per¬ 
formed  since,  as  it  will  be  explained  in  the  next  section. 
r,( r)  is  solved  as  a  senes  solution  from  the  energy 
conservation  equation  inside  each  drop,  and  the  two 
last  integrals  in  equation  (44)  are  calculated  using  the 
approximation  previously  descnbed.to  calculate  t), 1 1 ) 
from  equation  (3).  Thus,  one  approximates  H  by  an 
analytic,  non-linear  function 

(45) 

One  can  eliminate  n  as  a  dependent  variable  from 
the  above  equation  by  noting  that  for  tightly  packed 
spheres  [7] 


n  =  0.74  - — r.  (4b) 

4tt  a‘ 

Thus  the  dependent  variables  which  are  the 
unknowns  in  this  problem  are :  e,  R„  R :.  0„, 

KF,„  C.  u..  u3.  The  equations  which  are  solved  to  find 
the  solution  for  these  ten  variables  are  given  in  non- 
dimensional  form  in  the  Appendix. 


3.  NUMER'CAL  PROCEDURES 

The  integrated  drop  energy  equation  is 

d  **  ‘7* 

—  (  4itp,  |  h,r~  dr  )  =  -InR  O.,  —  -  mh, 

dt  J,  >  ,r 

*4'| 


The  temperature  distribution  Tin  in  (he  drop  is 
obtained  by  solution  of  the  drop  heat  conduction 
equation  by  means  of  expansion  in  a  ^mall  parameter 
inversely  proportional  to  /,  (3|.  This  results  in  (he 
formation  of  two  differential  equations  in  time  tor 
functional  parameters,  which  in  conjunction  wnh  the 
surface  gradient  expression  iA”>  in  ihe  Appendix, 
determine  the  temperature  distribution,  the  par¬ 
ticulars  are  given  in  ref  [3]  The  above  equation  .s 
combined  with  the  global  energy  equation,  equation 
i  34).  to  obtain  an  enthalpy  equation  lor  the  gas  phase 

d  f  .  4t  . 

d-  .4*/r  V  -  ,  ./ 


=  \m 


-  'L  exp  i  C7.\  R  ii 
I  -exp  i  CZl  R .  n 


E 

L.„ 


-1.  -  V(f.."i  ..  1 48 1 

where  the  function  h  is  given  by  equation  i  A3i 

Since  there  is  a  linear  relationship  between  the  Y  "s 
and  temperature,  equations  |30).  (35)  and  i?4)  are 
not  independent.  The  following  holds 

-  v'. 

t  44 1 


Variables  and  determining  equations  are  as  fol¬ 
lows  (or  6,,)  is  obtained  from  the  drop  heat  con¬ 
duction  equation.  from  equation  1 30).  h  from  equa¬ 
tion  i48).  KF><  and  fV,.,  from  equations  i44i  and  i  A 8 ) . 

C  from  equation  (A5).  R,  from  equation  I.A6).  :i , 
from  equation  I.A4).  and  u.  from  equation  i.AIOi 
Both  m(  and  h  are  known  functions  of  the  dependent 
variables.  mt  (or  function  q)  is  considered  as  deter¬ 
mining  and  h  determines  R_  (These  functions  vary 
most  strongly  with  this  particular  variable  selection  i 
The  variables  C.  KF...  TflJ.  R ■  and  0^  are  governed 
by  a  non-linear  set  of  algebraic  equations,  the  other 
variables  are  determined  directly  from  differential 
equations. 

Eliminating  from  equations  |44)  and  i  AS) 
results  in  an  equation  relating  Yy„  to  C  The  evap¬ 
oration  equation,  equation  (A5).  also  relates  these 
two  variables.  These  two  equations  are  iterated  in 
an  inner  loop  for  the  variables,  considering  ail  other 
variables  fixed.  In  an  outer  loop,  functions  q  and  h 
are  iterated  for  R:  and  0„.  This  nested  loop  procedure 
allows  for  a  relatively  efficient  solution  of  the  algebraic 
equations  at  each  time  step  of  the  differential  equation 
integration.  The  differential  equations  are  integrated 
using  a  standard  ODE  integrator.  GEAR,  with  a  local 
error  tolerance  of  10  "* 

The  model  equations  depend  on  terms  proportional 
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to  d R:  d /.  Since  R:  is  formed  algebraically,  this 
derivative  needs  to  be  estimated.  The  procedure  for 
calculating  this  derivative  is  as  follows.  Define 

I  —  0.74 

'•  s  h  -  • 

this  is  the  unknown  m  equation  (48).  On  the  other 
hand  h  =  R  J  where  J  is  a  relatively  weak  varying 

function  Thus 


•vnere  in  dr  is  known  and  iJ  dr  is  approximated  by 
a  tnira-oraer  Backward  finite  difference. 

4  RESULTS  AMD  DISCUSSION 

The  results  presented  below  were  obtained  from 
calculations  performed  for  liquid  /i-decane  drops 
evaporating  m  initially  unvmated  air  The  thermo¬ 
physical  constants  for  <i-decane  that  were  used  here 
are  the  same  as  those  of  ref  (3)  The  interest  here  is 
on  how  turbulence  can  affect  evaporation  of  drops  in 
clusters  and  the  behavior  of  the  cluster  as  an  entity. 

Figure  2  shows  a  non-dimensional  evaporation  time 
vs  the  initial  air  fuel  mass  ratio  for  three  situations. 
The  baseline  case  is  that  of  the  first  turbulence  model 
and  u.J  =  500  cm  s '  The  two  cases  are  chosen  such 
as  to  study  the  influence  upon  evaporation  of  both 
the  initial  relative  velocity  and  the  turbulence  history. 
The  plots  show  that  in  the  very  dense  spray  regime 
the  initial  relative  velocity  is  not  a  good  control  par¬ 
ameter  However,  by  changing  the  history  of  tur¬ 
bulence  with  respect  to  that  of  evaporation,  one  can 
obtain  now  complete  evaporation  in  situations  where 
the  gases  in  the  cluster  saturated  before  complete 
evaporation  when  the  other  turbulence  model  was 
used  The  reason  for  this  is  that  as  the  drops  heat  up, 
the  gases  cool  off:  if  the  exchange  of  mass  and  heat 
between  the  cluster  and  the  surroundings  is  poor,  the 
gases  in  the  cluster  will  saturate  and  the  drops  will 
eventually  be  at  the  same  temperature  as  the  gases 
thereby  stopping  evaporation.  On  the  other  hand  if 
fresh  gases  and  energy  can  be  brought  inside  the  clus¬ 
ter  from  the  surroundings,  evaporation  will  proceed. 
These  processes  are  most  important  during  the  initial 
part  of  evaporation,  when  the  rate  of  mass  loss  from 
the  drop  is  high.  If  turbulence  is  not  present  at  that 
time,  evaporation  will  eventually  stop  as  shown  by 
the  baseline  case,  an  increase  in  the  initial  relative 
velocity  does  not  affect  the  outcome.  Since  turbulence 
model  2  portrays  a  case  where  turbulence  is  present 
initially,  the  exchange  of  mass  and  heat  between  the 
gases  inside  and  outside  the  cluster  occurs  at  the 
appropriate  time,  and  evaporation  can  be  completed. 

For  smaller  <p\  there  is  a  regime  where  both  the 
turbulence  history  and  can  control  evaporation.  By 
increasing  u!’  one  can  now  obtain  complete  evap¬ 
oration  before  saturation  with  the  same  turbulence 
history  by  keeping  nr°  constant  and  changing  the 


turbulence  history  one  obtains  the  same  outcome, 
however,  the  evaporation  time  is  now  considerably 
shorter 

When  <p°  increases  even  further,  and  the  regime  of 
the  slightly  nch  and  further  that  of  the  lean  mixtures  is 
encountered,  neither  turbulence  nor  the  initial  relative 
velocity  are  good  control  parameters.  In  fact  as 
decreases  to  a  few  drops-cm "  .  any  one  of  the  three 
models  gives  exactly  the  same  result  and  all  three 
models  reach  the  same  asymptote.  The  reason  for  this 
is  that  as  the  initial  density  of  drops  in  the  cluster 
decreases,  the  interstitial  gas  between  the  drops  cools 
less  during  evaporation,  and  mass  and  heat  transfer 
trom  the  surroundings  plays  a  decreasingly  important 
role.  In  the  same  manner,  as  the  initial  density  of 
drops  in  the  cluster  decreases,  the  drops  reach  the 
asymptote  corresponding  to  the  limit  of  the  convective 
evaporation  of  1  drop-cm  '  '  (2] 

These  conclusions  are  substantiated  by  the  results 
plotted  in  Figs.  3-5  Depicted  in  Fig.  3  are  both  the 
gas  temperature  drop  and  the  gas  density  rise  as  a 
tunction  of  For  very  lean  mixtures  and  dilute 
clusters  there  is  no  temperature  drop  since  the  heat 
going  to  the  drops  to  support  evaporation  is  minimal 
compared  to  the  total  heat  available  in  the  gases  of 
the  cluster.  As  <p°  decreases  and  the  regime  of  rich 
mixtures  is  reached,  a  temperature  drop  and  a  cor¬ 
responding  density  rise  are  encountered.  With  a  fur¬ 
ther  decrease  in  d>°  one  can  observe  the  influence  of 
turbulent  heat  transfer  from  the  surroundings  in  keep¬ 
ing  the  temperature  at  a  level  where  it  can  support 
evaporation.  In  contrast,  when  turbulence  is  not  pre¬ 
sent  initially  and  instead  develops  with  time  the  tem¬ 
perature  drop  is  more  substantial  and  eventually 
reaches  the  point  where  it  can  no  longer  support 
evaporation. 

The  reason  that  the  initial  history  of  turbulence  is 
so  important  in  controlling  evaporation  is  illustrated 
in  Fig.  4  Not  only  is  m  largest  when  the  drops  are 
larger  (2j.  but  also  the  loss  fraction  is  largest  initially. 
By  the  time  R ,  =  0.5.  the  loss  fraction  is  negligible. 
The  oscillations  in  m,on  m  observed  in  the  figure  inset 
may  be  due  to  the  inaccurate  numerical  evaluation  of 
d a  d i  using  a  two  step  backward  scheme.  Since  these 
oscillations  occur  in  a  region  where  N,,,,  m\  «  I.  no 
further  effort  has  been  made  to  improve  the  accuracy. 

The  loss  fraction  accounts  only  for  the  mass  lost 
from  the  system  as  a  result  of  the  motion  of  the  cluster 
surface,  but  does  not  account  for  the  gain  that  occurs 
when  mass  is  brought  into  the  cluster  by  turbulent 
transfer  from  the  surroundings.  As  a  result,  its  value 
as  a  diagnostic  is  limited  to  indicating  the  relative 
importance  of  gaseous  mass  lost  from  the  cluster  to 
gaseous  mass  gained  inside  the  cluster  through  evap¬ 
oration.  In  contrast,  the  global  mass  conservation 
equation  for  the  cluster  does  account  appropnately 
for  mass  addition  due  to  turbulent  transport. 

The  variation  of  the  final  position  of  the  cluster 
surface  with  respect  to  its  initial  position  is  shown  vs 
<p°  in  Fig.  5  As  expected,  for  lean  mixtures  and  dilute 
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Fig  2  Variation  of  _  non-dimensional  evaporation  time  w uh  the  initial  air  fuel  mass  ratio  f,'.  = 

1000  K.  T“  =  350  K,  K?v,  =  0.  &*  =  10  cm.  /?’-:<  10"  cm. 

sprays,  when  there  is  not  much  gaseous  mass  added  the  duster  one  finds  that  at  fixed  R ,  this  value  is  larger 

through  evaporation,  the  cluster  maintains  its  original  for  smaller  0 ‘  and  at  fixed  d»°  it  is  larger  for  turbulence 

size.  As  00  decreases  the  cluster  shrinks  in  size  due  to  model  1  When  this  value  is  added,  at  fixed  R,.  to  the 

internal  cooling.  However,  this  shrinkage  is  smaller  non-dimensionalized  cluster  volume,  one  finds  that 

for  turbulence  model  2.  as  the  final  temperature  was  for  a  given  0"  the  sum  is  larger  for  turbulent  model 

also  observed  to  be  higher.  This  contraction  is  con-  2.  In  all  cases  this  sum  is  consistently  smaller  than 

sistent  with  the  observed  decrease  in  pressure  inside  unity  and  increases  with  the  value  of  0°  approaching 

the  cluster  when  evaporation  occurred  in  a  cluster  that  unity  for  large  values  of  0“  These  results  confirm  the 

was  adiabatically  insulated  from  the  surroundings  [2].  fact  that  even  when  one  accounts  for  the  mass  escap- 

This  pressure  drop  was  larger  with  decreasing  0“.  mg  from  the  duster,  contraction  due  to  cooling  of  the 

which  means  that  despite  the  very  large  increase  in  gases  occurs.  With  turbulence  model  I  more  of  the 

density  in  the  very  rich  cases,  the  cooling  effect  was  gas  escapes  to  the  surroundings  and  with  turbulence 

dominant.  model  2  less  of  a  contraction  occurs. 

If  the  mass  lost  from  the  cluster  is  integrated  in  It  is  worth  mentioning  that  the  differences  observed 
time,  converted  into  a  volume  by  dividing  by  p,*,  and  between  the  behavior  of  the  dusters  when  the  two 
finally  nondimensionalized  by  the  initial  volume  of  turbulence  models  are  considered  is  not  due  to  the 


Fig  3  Variation  of  9'  ,91  and  pL-P*  w,th  the  in,,,al  fuel  m<m  ral'°  ”  1000  r»  “  350  K 

yf„  m  0,  -  10  cm.  R“  «  2  «  10  cm 
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Fig  -1  Loss  fraction  vs  R.  for  various  initial  air  fuel  mass  ratios  =  1000  K.  f,',  =  350  K. 
Ft..  =  0.  R‘  =  10  cm.  R“  -  3  *  10 " 1  cm.  u.1  =  500  cm  s  “ 


fact  that  the  drops  evaporate  in  different  regimes  (2] 
(diffusive,  convective-diffusive  or  convective)  but 
rather  due  to  the  different  exchange  processes  between 
the  clusters  and  their  surroundings.  Figure  5  illus¬ 
trates  the  fact  that  the  initial  penetration  distance, 
which  indicates  the  evaporation  regime  (2).  vanes  only 
with  u?  and  d>°  and  not  with  the  turbulence  model.  At 
fixed  d>°.  as  decreases  the  penetration  ratios  con¬ 
tinue  to  be  extremely  close  for  the  two  turbulence 
models. 

The  effect  of  varying  the  cluster  size  can  be  seen  in 
Fig.  6  where  a  non-dimensional  evaporation  time  is 
plotted  vs  the  initial  size  of  the  cluster  for  both  tur¬ 
bulence  models.  For  a  sioichiomeinc  mixture  neither 
the  initial  size  of  the  cluster  nor  the  turbulence  model 
influence  very  much  the  evaporation  time;  however, 
there  is  a  slight  tendency  to  a  larger  evaporation  time 


with  increased  initial  size.  This  effect  is  very  substantial 
for  rich  mixtures  and  is  observed  for  both  turbulence 
models.  There  are  several  reasons  for  this  First,  since 
u is  fixed,  as  the  cluster  becomes  smaller,  the  initial 
penetration  ratio  is  larger  and  the  drops  evaporate  in  a 
regtme  which  changes  from  diffusive  to  predominantly 
convective  thus  reducing  the  evaporation  time  This 
is  illustrated  in  Fig.  7  where  (L0,  R)°  is  plotted  vs  R" 
In  contrast,  for  stoichiometric  mixtures  the  evap-. 
oration  regime  is  convective-diffusive  to  convective 
and  as  it  has  been  pointed  out  previously  [2],  con¬ 
vective  effects  always  dominate  diffusive  effects  thus 
determining  the  evaporation  time.  Second,  although 
at  fixed  <p°.  n°  is  the  same  for  all  sizes  of  clusters.  .V 
decreases  with  This  leads  to  a  more  pronounced 
interaction  with  the  surroundings  and  thus  faster 
evaporation. 


Fig.  5  Initial  penetration  ratio  and  final  position  of  the  cluster  surface  vs  the  initial  air  fuel  mass  ratio 
r £  -  1000  K.  Tl  -  350  K.  rl.  -0.  -  lOcm.  R“  »  :  *  IO-'cm. 
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The  total  effect  upon  the  final  cluster  size  is  pre¬ 
sented  in  Fig.  ?  In  all  cases  larger  clusters  contract 
more,  relative  to  their  initial  size,  than  do  smaller 
clusters  due  again  to  the  cooling  effect  discussed 
above.  A  smaller  number  of  drops  in  a  cluster  results 
m  less  cooling  of  the  gas  phase  at  complete  evap¬ 
oration  and  faster  evaporation. 

Similarly  to  the  discussion  pertinent  to  Fig.  2.  tur¬ 
bulence  model  2  predicts  shorter  evaporation  times 
for  dense  dusters  and  the  same  evaporation  time  for 
dilute  clusters  as  does  turbulence  model  I .  The  trends 
regarding  Rr  R°  are  also  similar. 


Fig  7  Initial  penetration  ratio  and  final  position  of  the 
cluster  surface  vs  the  initial  radius  of  the  cluster: 
ri  -  1000  K.  r;  -  350  K.  K?„  -O.  R°  -  2*  10-'  cm. 
u?  »  500  cm  s ' ' 


In  order  to  gain  a  better  understanding  about  the 
behavior  of  the  cluster  we  display  in  Figs  8  and  9  the 
history  of  R  R°  Since  there  is  a  certain  uncertainty 
about  the  time  taken  to  evaporate,  and  since  it 
depends  strongly  upon  the  evaporation  model,  in 
order  to  partially  eliminate  this  uncertainty,  the  plots 
are  made  vs  R ,  Figure  8  represents  the  situation  for  a 
rich  mixture,  whereas  Fig.  9  represents  the  situation 
for  a  stoichiometric  mixture.  The  sinking  feature  in 
Fig.  8  is  the  initial  drop  in  R, R°  which,  as  discussed 
above,  is  due  to  the  cooling  of  the  gas  phase  and 
the  continual  heating  of  the  drops.  Following  this 
decrease  in  RiR*.  a  minimum  in  this  value  is  reached, 
after  which  there  ensues  a  recovery.  This  recovery  is 
due  to  the  unvuiated  (by  fuel)  hot  gas  brought  in 
through  turbulent  transport  from  the  gas  phase  sur¬ 
rounding  the  cluster.  As  expected,  turbulence  model 
2  offers  more  possibilities  for  recovery  As  the  cluster 
is  smaller  and  the  number  of  drops  decreases,  there  is 
less  of  a  drop  in  R  £°.  the  minimum  R  R°  occurs 
earlier  with  respect  to  R{  and  the  final  value  of  R  R° 
is  closer  to  unity.  Figure  9  shows  that  in  contrast  to 
the  rich  mixtures,  for  stoichiometric  mixtures  there  is 
no  minimum  in  R  R° :  the  size  of  the  cluster  con¬ 
tinuously  decreases  with  R,  However,  there  is  less  ol 
a  duster  shrinkage  due  to  the  fact  that  there  is  less 
mass  in  the  cluster,  less  cooling  and  less  mass  loss 
The  practical  implications  of  these  results  with 
regard  to  optimization  of  evaporation  is  straight¬ 
forward.  Turbulence  should  be  induced  in  the  gas  in 
which  the  spray  is  injected  prior  to  or  at  the  same  time 
as  injection.  Turbulence  can  help  to  evaporate  the 
drops  of  the  spray  through  two  processes.  First  it 
can  break  the  spray  into  clusters  and  the  smaller  the 
cluster,  the  shorter  the  evaporation  time  Second,  it 
brings  in  unvitiated  (by  fuel)  hot  gas  from  the  sur¬ 
rounding  of  the  clusters  thereby  enhancing  and  sup¬ 
porting  evaporation.  Moreover,  the  results  show  that 
evaporation  of  drops  in  dense  clusters  can  be  con- 
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mining  the  outcome  of  evaporation.  Between  these 
regimes  of  very  dense  and  dilute  clusters  there  exists 
a  regime  where  both  the  history  of  turbulence  and  the 
initial  relative  velocity  between  drops  and  gases  can 
be  important  control  parameters 

Furthermore,  the  results  show  that  the  evaporation 
time  of  a  dilute  cluster  cannot  be  decreased  by  reduc¬ 
ing  its  initial  size  while  keeping  the  initial  air  fuel 
mass  ratio  constant  In  contrast,  for  dense  clusters,  the 
evaporation  time  decreases  with  the  initial  size  of  the 
cluster  at  the  same  initial  air  fuel  mass  ratio.  More¬ 
over.  by  having  turbulence  present  initially,  rather 
than  letting  it  build  up.  the  evaporation  time  of 
the  cluster  can  be  further  decreased. 

Thus  gas  phase  turbulence  can  be  important  in 
reducing  the  evaporation  time  in  two  ways.  First, 
turbulence  breaks  up  the  spray  in  small  size  dusters 
right  at  the  exit  of  the  atomizer,  where  the  spray  is 
dense.  Second,  turbulence  acts  as  a  vehicle  for  trans¬ 
porting  mass,  species  and  heat  to  the  cluster,  thus 
supporting  evaporation.  The  above  results  have 
shown  that  turbulence  is  a  strong  control  parameter 
tor  dense  clusters  but  it  is  not  a  control  parameter  for 
dilute  clusters  This  means  that  in  order  to  influence 
evaporation  in  sprays  one  should  install  turbulence 
enhancement  devices  right  at  the  exit  of  the  atomizer 
where  the  spray  is  dense  and  not  further  down  the 
length  of  the  combustor  where  the  spray  has  become 
dilute.  Indeed  it  is  well  known  empirically  that  this 
is  true  and  the  present  results  provide  a  theoretical 
justification  for  a  well-known  fact.  However,  it  would 
be  very  desirable  to  have  a  set  of  experiments  to  com¬ 
pare  with  the  predictions  of  the  present  theory.  The 
present  conclusions  show  that  most  of  the  sensitivity 
of  our  model  and  thus  most  of  the  control  in  an 
experiment  can  be  expected  in  the  dense-cluster 
regime  This  makes  a  comparison  so  much  more 
difficult  because  it  is  precisely  in  this  regime  that 
experiments  are  most  difficult  to  perform  because  of 
the  lack  of  resolution. 
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APPENDIX 

As  explained  in  Section  3  t>,  is  obtained  as  a  Junction  of  : 
from  ihe  conduction  equation  The  len  equations  that  are 
solved  for  the  ten  dependent  variables  idemmed  ui  ihe  end 
of  Section  2  are  as  shown  below  Define 
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where  the  integrations  are  performed  using  9,  and  as 
given  by  the  approximaiion  of  equation  i5> 

The  equations  solved  are  as  follows 
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Fic  3  Variation  of  the  residual  duster  radius  with  R ,  for  different  initial  cluster  radii  for  a  dense 
duster  of  drops  T,',  =  1000  K.  T*  =  350  ft.  -  0.  ff8  »  2x  10'1  cm.  u!  »  500  cm  s'1.  ®J  -  1  57 

lnJ  =  9  44  x  I0!  cm .  R\~  13  3). 


trolled  whereas  when  they  are  in  a  dilute  configuration 
it  cannot.  This  means  that  evaporation  control  should 
be  envisaged  near  the  injector  m  order  to  be  truly 
effective,  rather  than  further  along  the  combustor. 

5  SUMMARY  ANO  CONCLUSIONS 

The  model  presented  above  is  one  example  of 
subgnd  models  that  are  needed  to  describe  spray  evap- 
oration  and  combustion.  As  such,  the  predictions  of 
the  model  pertain  to  the  global  behavior  of  clusters 
of  drops  rather  than  the  detail  of  the  behavior  of  each 
drop  in  the  cluster  and  the  difference  in  behavior 
between  the  drops  belonging  to  the  same  cluster. 


Despite  the  simplicity  of  the  turbulence  models  used 
herein  there  are  many  important  aspects  that  have 
been  elucidated  by  the  results  obtained  with  the  two 
models.  First,  in  contrast  to  dilute  clusters  of  drops, 
the  evaporation  of  very  dense  clusters  of  drops  is 
greatly  affected  by  the  initial  level  of  turbulence  in  the 
surrounding  gas.  Not  only  is  the  evaporation  time 
affected  but  also  it  is  shown  that  by  having  turbulence 
initially  present  rather  than  letting  it  build  with  time, 
one  can  obtain  complete  evaporation  before  satu¬ 
ration  in  situations  where  otherwise  saturation  was 
obtained  before  complete  evaporation.  Thus,  for 
dense  sprays  the  transfer  processes  between  the  gases 
in  the  cluster  and  the  surroundings  are  crucial  in  deter- 


Fir,  o  Variation  of  the  residual  cluster  radius  with  /?,  for  different  initial  cluster  radu  for  a  dilute 
cluster  of  drops  Ti  -  1000  K.  T%  -  350  It.  K?„  -0.  R“  -  2*  lO'1  cm.  u?  -  500  cm  s".  d8  -  15.7 

I*0  -  8  52  *  101  cm'1 .  R°  -  29  6) 
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EFFETS  DE  LA  TURBULENCE  PENDANT  L' EVAPORATION  DE  GOUTTES  DANS 

DES  GRAPPES 

Resume — On  preseme  un  modele  d  evaporation  de  gouttelette  dans  des  grappes  et  les  mecanismes  d'echange 
entre  la  grappe  et  la  phase  gazeuse  environnante.  Ce  modele  est  developpe  pour  utiliser  un  modele  de  sous- 
echelle  dans  les  calculs  d  evaporation  et  de  combustion  d'aerosols  et  pour  decnre  le  comporiement  global 
de  la  grappe.  la  pression  du  gaz  demeure  constante  pendant  I  evaporation  et  par  suae  le  volume  de  la 
grappe  et  la  densite  du  nombre  de  gouttes  vartent.  On  considers  deux  modeles  de  turbulence:  le  premier 
decnt  levaporation  dans  l'environnement  intttalement  sans  turbulence  laquelle  se  consutue  au  cours  du 
temps :  le  second  modele  decnt  levaporation  dans  l'environnement  lorsque  la  turbulence  existe  mitialement 
Les  resultats  obtenus  montrent  que  la  turbulence  sugmente  Levaporation  et  qu  elle  est  un  facteur  de 
commande  de  Levaporation  des  grappes  tres  denses.  Lorsque  le  rapport  initial  des  masses  air  combustible 
augmente.  a  la  fois  Lhistoire  de  la  turbulence  et  la  vitessc  relauve  initiate  entre  gouttes  et  gaz  peuvent 
controler  Levaporation.  On  montre  que  le  temps  d'evaporation  dimmue  avec  un  accroissemem  initial  des 
mveaux  de  turbulence  ou  de  la  viteise  relauve.  Lorsque  le  rapport  initial  des  masses  air  combustible 
augmente  encore  plus  et  que  la  densite  initiale  du  nombre  de  gouttes  entre  le  regime  de  dilution,  aucun  des 
deux  parametres  ne  peut  controler  I'evaporauon.  Le  temps  d'evaporauon  decroit  avec  la  diminution  de  la 
taille  de  la  grappe  pour  des  grappes  de  gouttes  denses.  tandis  que  la  taille  de  la  grappe  n  est  pas  un  facteur 
limuant  pour  les  grappes  dilutes.  On  discute  des  implicauons  pratiques  de  ces  resultats. 
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EINFLL'SS  DER  TURBULENZ  AL'F  DIE  VERDAMPFUNG  VON  TROPFEN  IN 

SCHWARMEN 

7 iBiainwfMwiif — Ein  Modell  fur  die  Tropfenverdampfung  in  Schwarmen  und  fur  die  Austauschprozesse 
zwischen  dem  Schwarm  und  der  umgebenden  Gasphase  wird  vorgestellt.  Dieses  Modell  wurde  zur  Be- 
rechnung  der  Spruhverdampfung  und  der  Verbrennung  entwickelt  und  beschreibi  nur  globale  Ver- 
haltensmerkmaie  von  Tropfenschwarmen  Der  Gasdruck  im  Tropfenschwarm  bleibt  wahrend  der  Ver- 
dampfung  konstam.  als  Folge  davon  varnert  das  Volumen  des  Tropfenschwarms  und  die  Tropfenanzahl 
pro  Voiumenemheit  Zwe i  Turbulenzmodelle  werden  herangezogen.  Das  ersie  Modell  beschreibi  aie 
Verdamofung  von  Tropfenschwarmen  in  einer  Umgebung.  die  anfanglich  turbulenztrei  ist .  die  Turbulenz 
baui  >ich  erst  mit  der  Zen  auf  Das  zweite  Modell  beschreibi  die  Verdampfung  von  Tropfenschwarmen  in 
eir.er  L  xgeoung.  :n  der  von  Anfang  an  Turbulenz  vorliegt.  Die  mu  diesen  Modellen  erhalienen  Ergebnisse 
zeigen.  dad  Turbuienz  die  Verdampfung  begunsngt  und  em  kontrollierender  Parameter  bei  der  Ver¬ 
dampfung  von  sehr  dichten  Tropfenschwarmen  isi  Beispiele  werden  gezeigt.  in  denen  mil  dem  ersten 
Turbuienzmoaell  Satngung  vor  der  vollstandigen  Verdampfung  erhalten  wurde.  wogegen  sich  mu  dem 
zwc-en  Turbulenzmodell  das  Gegenteil  ergab  Sieigt  das  Anfangs-Massenverhaltnis  Luft  BrennstotT.  so 
ka  .owohl  die  Vorgeschichte  der  Turbulenz  als  auch  die  Anfangs-Relativgeschwindigkeu  zwischen 
Tr.p.'en  und  Gas  die  Verdampfung  beeinriussen  Es  wtrd  gezeigt.  daO  die  Verdampfungszeii  mu  einer 
Erhohung  des  Turbuienzgrades  Oder  der  Anfangs-Relauvgeschwindigkeit  abnimmt.  Steigt  das  Anfangs- 
Massenverhaltnis  Luft  BrennstoiT  wetter  und  lallt  die  Tropfenanzahl  pro  Volumenetnheit  zu  Beginn  in  aen 
Bereich  fur  icckere  Schwarme.  so  beemfluflt  keiner  der  beiden  obengenannten  Parameter  die  Verdampfung 
Bei  dichten  Troptenschwarmen  verkurzt  sich  die  Verdampfungszeii  mit  abnehmender  Gro(3e  des 
Schwarms.  bei  lockeren  Schwarmen  hat  die  GroQe  keinen  EinfluQ  Die  praktischen  Folgerungen  aus 

den  Ergebnissen  werden  diskutiert. 


30<PEKTbI  TyPEy.lEHTHOCTH  nPH  HCriAPEHMM  K.TACTEPOB  KATIE-lb 

\aoTiian — HpejCTai-ieHa  Moae.ik  HcnapeHH*  xctacrepoa  xane.ik  h  onHcaMW  npoueccw  o6Mewa  wexjv 
K.iacrepaMM  n  HecyuicA  raaoaoA  cpejofl  PaapafioTaHHaa  woje.ik.  *a.i*ack  nojceroMHoA.  Hcnodkjyrrc* 
xi*  pacHrra  HcnapcHM*  m  ropeHHi  pacnuctoi  xane.ik,  a  norrosry  yxMTuaarr  ro.iuo  r.io6a.ikKue  oco- 
oeHHOcTM  noaeaeHH*  xcnapnouuixci  x.iacrepoa  npeano.iaraeTc*.  mto  a  npouecee  HcnapeHH*  jaa.ie- 
HHe  rasa  a  ciacrepe  ociaeTC*  nocro*HHUM.  raa  mto  nepcMCHHUMH  *b.i*iotc*  o6mm  oacrrepa  h 
rLTOTHOCTk  mhc-ir  xane-ik  •  hcm.  PaccMOTpexu  ik  MOde.TM  Typ6y  nexTHOCTK.  Tlepaa*  onHcuaaer  xcna- 
peHHe  xctacrepa  a  cpeae,  a  eoTopo*  au*uie  rypSynenrHocrv  OTcyrcrayrr.  ho  “noaa.no'iaeTca"  co 
apcMeneM  no  Mepe  ncnapem*  tnacrepoa.  Bropas  vtoae.-k  onHcwaarr  ncnapetate  uacTepa  a  cpeae  c 
HaiLTkHofl  TypfiyneirntocTkKJ  Cor.iaaio  o6chm  vtoae.i*M  Typfiy.ieHTHOCTk  ycaopaer  HcnapcHMe. 
u.tiKk  onpejeanotiurn  tparropoM  rtpa  Hcnapran  owak  iuothhx  x-Tacrepoa.  npaaeaeHu  npHMepu. 
a  aoTopku  nocaaaHO.  <tto  c  HcnojiuoauneM  nepaoA  Moae.iH  HackoueHHC  HacrynaeT  jo  nojHoro  xcna- 
peHH*  xanecTk,  a  c  Hcno.ikJoaaxaeM  aropoA  HaCmojaeTC*  npont»onojio*Hkdl  *p<pe*T  ITpn  yae.iHMe- 
hhh  Hata-ikHoro  yaccoaoro  OTHotueHH*  aoaayx/roptoaee  xcnapeHxe  iaanctrr  tax  ot  npeokicropHH 
ryp6y/ienTH0CTH,  rax  h  ot  HaMankHOA  oTnocitTCdikHoA  cxopocm  jbhxchh*  xaneak  m  raja.  noxajaHO. 
mto  apCM*  HcnapeHH*  yMCHkUiaeTca.  earn  mWMM*  ypoaeHk  Typ6yjeKTHOcm  hjm  orHocHTe.ikHa* 
cxopocTk  aojpacraioT.  (1p«  cytuecraewoM  yacjm*eHHH  Ha*a.ikHoro  waccoaoro  OTHotueHH*  aoiayx, 
ToruiHao  m  yMCHkUjeHHM  HawikHoA  n/tOTHOCTH  mhcia  xane.ia  jo  pajpeatCHHoro  pexMMa  hm  ojmh  hj 
akdueyaajaHHku  napaascrpoa  ne  ocajMaarr  peuuiouiero  mx*hh*  Ha  HcnapewM.  KpoMc  roro  noxa- 
mho.  mto  apeM*  Hcnaperau  yMCMktuacrca  c  yMCHkujeHHeM  pajMepa  tiacrepa  npa  SojmuoA  iliothocth 
MHC-ia  xane-ik.  a  npn  Majiot  nnomocni  pajMcp  uiacrepa  Me  aanacrca  onpeaenatouiMM  iparropoM. 

06cyxjaioTc*  npajmnecaiie  acnerrw  no.iyMeMHkix  pejy.ikTaToa. 
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ABSTRACT 


Two  global  models  of  droplet  cluster  evaporation  which  cake  into  account  drop 
interactions  are  compared.  Comparisons  between  the  results  obtained  with  the  two 
cluster  models  show  that  although  the  qualitative  trends  are  the  same,  quantitative 
discrepancies  exist.  To  evaluate  and  improve  the  models  it  is  suggested  that 
experimentalists  measure  evaporation  times  and  cluster  decay/growth  races  in  the  dense 
cluster  regime,  and  for  small  clusters,  where  the  sensitivity  of  the  results  is 
highest . 

INTRODUCTION 

Measurements  performed  in  sprays  characteristic  of  power  systems  show  that  sprays 
are  composed  of  several  regions  [1],  Near  the  atomizer  the  drops  might  not  be 
entirely  formed  and  liquid  sheets  and  filaments  might  still  exist.  There  follows  a 
region  where  the  drops  are  already  formed  but  have  not  yet  been  dispersed,  so  that 
they  cluster  together  with  a  typical  distance  between  the  drops  chat  is  of  the 
order  of  magnitude  as  chat  of  the  average  radius  of  the  drops  themselves, 
of  che  spray  is  called  the  dense  spray  region.  Finally,  further  from  this  dense  spray 
region  there  exists  a  region  where  the  drops  might  still  cluster,  but  in  these 
clusters  the  distance  between  drops  is  much  larger  than  the  average  radius  of  the 

drops.  This  region  is  called  the  dilute  spray  region. 

In  the  dilute  spray  region  drops  are  far  apart  from  each  other  and  thus  when  che 
spray  is  exposed  to  a  convective  flow,  these  drops  practically  behave  like  isolated 

drops  in  a  convective  flow.  'In  contrast,  in  the  dense  spray  regime,  the  drops  are 

close  to  each  other  and  thus  their  history  is  controlled  by  how  much  of  the  surround¬ 

ing  gas  can  enter  in  contact  with  them.  This  is  to  say  that,  unlike  for  drops 
belonging  to  dilute  clusters  of  drops,  transport  phenomena  are  crucial  in  determining 
the  behavior  of  drops  belonging  to  dense  clusters  of  drops  because  transport  imposes 
limits  on  heat  and  mass  transfer  between  the  two  phases.  These  phenomena  pertain  to 
indirect  interactions  and  they  can  control  the  drops  motion,  their  heat-up  time, 

evaporation,  ignition  and  combustion. 
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Previous  work  of  Bellan  and  Cuffel[2]  and  Bellan  and  Harscad  [3,4,5]  pointed  out 
some  important  consequences  of  these  indirect  interactions.  Two  models  of  turbulent 
transport  were  used  in  Ref.  5  in  order  to  investigate  the  importance  of  turbulent 
transport  from  the  surroundings  to  the  cluster.  Because  of  the  global  aspect  of  the 
model  in  which  all  the  drops  were  assumed  to  behave  identically,  the  transport  from 
the  cluster  to  surroundings  was  modeled  using  a  "trapping  factor."  Basically,  the 
"trapping  factor"  is  a  weighing  factor  which  allows  the  modeling  of  intermediary 
situations  between  those  of  dilute  clusters  where  evaporated  mass  was  assumed  to  be 
trapped  in  the  cluster  and  that  of  dense  clusters  where  evaporated  mass  was  assumed  to 
escape  to  ambient.  It  was  found[5]  that  whereas  in  the  dilute  regime  turbulence  is 
not  a  controlling  parameter,  in  the  dense  regime  it  becomes  the  crucial  control 
parameter.  This  is  a  fact  well  known  by  experimentalists  and  design  engineers  who 
locate  turbulent  enhancement  devices  near  the  injector  where  the  spray  is  dense, 
rather  chan  further  down  the  combustor  where  the  spray  is  dilute. 

Since  the  transport  processes  between  the  cluster  and  its  surroundings  were  found 
to  be  so  important  in  the  case  of  dense  clusters,  it  was  thought  very  important  to 
improve  the  description  of  the  transport  of  heat,  mass  and  species  from  the  cluster 
and  its  surroundings.  This  new  model  is  described  in  detail  in  Ref.  6  for 
electrostatically  charged  drops,  and  is  used  to  calculate  the  results  presented  below 
for  the  special  case  of  null  charge.  Due  to  the  brief  nature  of  the  Technical  Note, 
the  nomenclature  is  the  same  as  in  Refs.  5  and  6. 

The  model  developed  in  Ref.  6  is  similar  to  chat  of  Ref.  5  in  that. the  drops  and 
gas  have  two  velocity  components:  a  uniform  axial  component  along  the  trajectory 
direction  and  a  radial  component.  The  difference  between  the  two  models  is  in  the 
description  of  the  radial  velocity  component.  Whereas  in  Ref.  5  a  "trapping  factor" 
was  used  as  discussed  above,  the  new  formulation  uses  the  assumption  of  self- 
similarity  in  the  radial  direction  as  explained  in  detail  in  Ref.  6. 
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RESULTS  AND  DISCUSSION 


Calculations  were  performed  using  the  models  of  Refs.  5  and  6  for  n-decane  drops 
evaporating  in  a  spherical  cluster  surrounded  by  unvitiated  ambient  air  at  atmospheric 
pressure.  The  thermophysical  constants  used  in  the  calculation  have  been  listed  in 
Ref.  3. 

Figure  1  shows  a  comparison  of  the  results  obtained  with  the  two  turbulence 
models  for  each  one  of  the  "trapping  factor"  and  similarity  models.  The  evaporation 
time  which  is  plotted  versus  the  intial  air/fuel  mass  ratio  represents  either  the  time 
when  R^  -  0.05  or  the  time  at  which  saturation  was  obtained.  As  can  be  seen  in  Fig. 

1  the  discrepancy  between  the  four  sets  of  results  is  small  in  the  lean  mixture  and 
dilute  spray  regime.  This  is  because  in  this  regime  transport  processes  are  not 
important  in  determining  the  evaporation  time  due  to  the  fact  chat  the  drops  are  far 
apart  and  enough  heat  is  available  for  their  evaporation.  As  the  initial  mixture 
becomes  rich  the  discrepancy  between  the  "trapping  factor"  and  similarity  models 
becomes  larger.  In  contrast  to  the  results  obtained  with  "trapping  factor"  model,  the 
similarity  model  predicts  that  turbulent  transport  is  important  even  in  the  rather 
dilute  cluster  regime  (n°  =*  5  x  103  cm'3). 

When  decreases  further,  the  initial  mixture  becomes  richer  and  the  drop  number 
density  falls  into  the  dense  regime  (n°  >  104  cm'3).  As  the  initial  drop  number 
density  is  larger,  turbulence  becomes  crucial  in  determining  the  evaporation  time  as 
it  is  clearly  shown  by  both  cluster  models.  However,  the  results  become  extremely 
sensitive  to  the  cluster  model  itself  because  for  example  for  n°  -  5  x  104  cm'3  the 
"trapping  factor"  model  predicts  saturation  before  complete  evaporation  whereas  the 
similarity  model  predicts  the  opposite.  It  is  expected  that  the  regime  of  saturation 
before  complete  evaporation  will  be  encountered  wich  the  similarity  model  at  higher 
n° .  What  this  comparison  shows  is  that  global  models  such  as  one  of  Refs.  2-5  can  be 
expected  to  offer  only  a  qualitative  understanding.  The  quantitative  predictions  can 
be  obtained  only  when  the  results  of  these  global  models  can  be  compared  with 
experimental  observations.  On  the  other  hand  experimentalists  need  information  on 
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what  Co  measure,  and  where  to  make  measurements.  The  present  results  show  chat  in 
order  to  validate  global  models,  measurements  of  evaporation  times  should  be  made  in 
the  dense  cluster  regime  where  the  sensitivity  is  highest. 

In  Fig.  2  the  evaporation  time  is  displayed  versus  the  initial  radius  of  the 
cluster  for  an  air/fuel  mass  ratio  corresponding  to  a  drop  number  density  which  is  the 
dividing  value  for  dense/nondense  sprays  under  the  initial  conditions  shown  in  the 
Legend.  Both  cluscer  models  predict  that  turbulent  transport  effects  are  more 
important  for  smaller  clusters.  This  is  due  to  the  smaller  volume  to  surface  ratio 
and  thus  to  the  greater  need  to  transport  hot  unvitiated  gas  to  the  drops  in  order  to 
promote  evaporation.  Although  the  qualitative  predictions  of  the  two  cluster  models 
are  the  same,  quantitatively  the  smilarity  model  predicts  a  smaller  effect.  Once 
again,  experimental  observations  are  needed  to  show  the  quantitative  effect  of 
turbulence,  and  these  experiments  should  be  performed  in  the  small  cluster  regime 
where  Che  sensitivity  is  highest. 

The  importance  of  the  cluster  model  used  is  again  illustrated  in  Fig.  3  where  the 
final  size  of  the  cluster  is  compared  with  the  initial  size  of  the  cluster  for  several 
initial  cluscer  sizes.  In  all  cases  larger  clusters  contract  more,  relatively  to 
their  initial  size,  chan  do  small  clusters.  This  is  due  to  the  heating  of  the  drops 
and  the  consequent  cooling  of  the  gas  phase.  A  smaller  number  of  drops  in  a  cluster 
results  in  less  cooling  of  the  gas  phase  at  complete  evaporation  and  shorter 
evaporation  time;  this  is  the  case  of  the  smaller  clusters.  A  higher  turbulence  level 
will  enhance  transport  of  heaf  to  the  cluster  and  thus  there  will  be  les^  cooling  and 
consequently  less  cluster  contraction;  this  is  the  case  of  turbulence  model  2.  For 
small  clusters  and  high  turbulence  levels  the  similarity  model  predicts  that  the 
cluster  actually  expands.  This  is  another  trend  that  needs  experimental  verification 
In  this  case  observations  should  be  performed  again  in  the  small  cluster  regime. 

Finally,  plotted  in  Fig.  4  and  3  are  respectively  the  relative  fuel  mass  loss  and 
the  relative  total  mass  loss  from  the  cluster  at  the  end  of  evaporation.  These 
results  were  obtained  with  the  similarity  model,  which  is  believed  to  be  the  more 
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accurate  of  the  two  cluster  models.  In  the  case  of  dense  clusters,  the  relative  fuel 
mass  loss  from  the  cluster  is  important  because  ignition  outside  of  the  cluster  is 
expected[ 7 ]  with  only  the  ejected  fuel  participating  in  ignition.  The  fuel  loss  ratio 
depends  strongly  on  the  cluster  size  and  the  turbulence  model.  In  contrast,  the  total 
mass  ratio  is  nearly  insensitive  to  the  turbulence  model  for  large  clusters,  with  a 
Larger  sensitivity  shown  for  smaller  clusters.  However,  similar  to  the  fuel  mass 
ratio,  the  total  mass  loss  ratio  increases  substantially  as  the  cluster  size 
decreases.  The  larger  fuel  loss  and  greater  entrainment  for  smaller  clusters  may  be 
attributed  to  their  larger  surface  to  volume  ratio.  It  is  important  to  notice  that 
the  present  model  does  not  account  for  vortical  motion  of  the  drops  inside  the  cluster 
and  thus  the  results  predict  a  minimum  amount  of  mass  escaping  from  the  cluster  due  to 
the  lack  of  centrifugal  force  effects.  In  order  to  validate  experimentally  models 
such  as  chose  described  above,  rates  of  growth  or  decay  of  clusters  are  needed  for 
comparison. 
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FIGURE  CAPTIONS 


Fig.  1  Evaporation  Time  versus  Initial  Air/Fuel  Mass  Ratio. 

T°ga  -  1000°K,  T°gS  -  350°K,  Y0^  -  0,  u°r  -  500  cm/sec. 

R°  -  2  x  10' 3  cm,  R°  -  10  cm. 

Fig.  2  Evaporation  Time  versus  Initial  Cluster  Radius. 

4>°  -  1.57  (n°  -  9.44  x  103  cm'3.  R°2  -  13.3),  T°ga  -  1000°K,  T°gs  - 

3 50°K ,  Y°pva  -  0,  u°r  -  500  cm/sec,  R°  -  2  x  10‘3  cm. 

Fig.  3  Nondimensional  Final  Cluster  Radius  versus  Initial  Cluster  Radius. 

4>°  -  1.57  (n°  -  9.44  x  103  cm'3,  R°2  -  13.3),  T°ga  -  1000°K,  T°gs  - 
350°K,  Y°pva  -  0,  u°r  -  500  cm/sec,  R°  -  2  x  10'3  cm. 

Fig.  4  Fuel  Loss  Ratio  versus  Initial  Cluster  Radius  Obtained  with  the 
Similarity  Model. 

4>°  -  1.57  (n°  -  9.44  x  103  cm"3.  R°2  -  13.3).  T°ga  -  1000°K,  T°gs  - 
350°K,  Y0^  -  O.  u°r  -  500  cm/sec,  R°  -  2  x  10*3  cm. 

Fig.  5  Total  Mass  Loss  Ratio  versus  Initial  Cluster  Radius  Obtained  with  the 
Similarity  Model. 

4>°  -  1.57  (n°  -  9.44  x  103  cm’3,  R°2  -  13.3),  T°ga  -  1000°K,  T°gs  - 
350°K,  Y°FVa  “  u°r  *  cra/sec,  R°  -  2  x  10'3  cm. 
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I.  INTRODUCTION 


Sprays,  created  by  atomizing  liquid  fuels,  have  been  considered  for  a  long 
time  as  one  of  the  most  efficient  ways  of  burning  liquids.  This  is  because  in  a 
spray  the  surface  -  to-volsnu.  ratio  is  greatly  increased  compared  to  a  blob  of 
liquid.  The  extra  surface  increases  the  efficiency  of  transport  of  heat  to  the 
liquid,  thereby  promoting  evaporation,  ignition  and  combustion  of  the  fuel. 
Liquid  sprays  are  also  used  in  agriculture  to  spray  crops,  in  the  food  industry, 
in  coating,  and  in  printing. 

In  order  to  improve  all  these  processes,  one  needs  first  to  understand 
them.  Such  understanding  can  be  achieved  in  a  variety  of  ways.  For  many  years 
now,  the  only  universally  accepted  way  of  improving  a  process  was  to  physically 
experiment  with  it.  This  involves  building  a  prototype  operating  under  a 
variety  of  conditions.  The  results  of  these  experiments  are  recorded  and 
compared.  The  prototype  system  can  then  be  "tuned"  to  operate  under  the  optimal 
conditions  achieved  during  the  experiment.  The  simplistic  "cut  and  tr  method 
described  above  is  making  room  for  a  growing  use  of  analytical  methods  and 
computational  techniques  based  on  the  availability  of  large  computers. 
Experimental  techniques,  which  have  become  themselves  increasingly 
sophisticated,  are  usually  very  expensive  and  are  limited  not  only  by  the 
sensitivity  of  the  diagnostic  but  also  by  the  range  of  conditions  ,that  can  be 
studied.  In  many  cases,  it  is  cheaper  to  vary  the  parameters  in  an  existing 
computer  code  to  simulate  a  different  physical  situation  than  it  is  to  build  or 
alter  an  experimental  set-up  to  obtain  new  experimental  results.  The 
flexibility  of  computer  codes  in  terms  of  input  conditions  and  output  results 
make  them  a  very  powerful  tool  both  for  engineering  calculations  and 
understanding  the  fundamentals  of  physical  phenomena. 


Below  I  shall  describe  how  the  computational  approach  has  helped  the 
understanding  the  fundamentals  of  spray  evaporation,  the  interactions  between 

the  drops  in  a  spray,  the  interactions  between  the  drops  and  the  gas  surrounding 

< 

them,  and  subsequent  ignition  and  combustion.  This  understanding  in  turn 
provides  the  basis  for  controlling  these  phenomena. 

A  typical  liquid  spray  is  composed  of  three  main  regions,  although  the 
boundary  between  these  regions  is  not  always  very  distinct.  Near  the  atomizer 
there  is  a  region  of  liquid  filaments  that  are  the  precursors  of  drops. 
Adjacent  to  this  region  is  a  region  of  very  closely  spaced  drops  such  that  the 
spacing  between  the  drops  is  of  the  same  order  of  magnitude  as  their  size;  this 
is  called  the  dense  spray  region.  Further  downstream  one  encounters  a  region 
where  the  drops  are  no  longer  closely  spaced;  this  is  called  the  dilute  spray 
region. 

Recent  observations  of  liquid-fuel  sprays  have  revealed  that  although  the 
fuel  flow  to  the  injector  is  constant,  drops  appear  to  cluster  in  the  spray  and 
remain  clustered  during  combustion  (1,2, 3, 4).  Thus,  there  is  not  one  continuous 
flame  surface  in  a  burning  spray,  but  instead  there  are  many  flame  surfaces, 
each  one  enclosing  groups  of  drops  (3,4). 

A  characteristic  feature  of  sprays  is  the  wide  range  of  space  scales 
involved  in  their  description.  For  example,  a  few  of  the  most  obvious  scales 
are:  the  scale  of  the  enclosure,  if  any,  where  the  liquid  is  sprayed;  the  many 
turbulent  scales  associated  with  turbulence  build  up  and  decay;  the  scale  of 
droplet  interactions;  the  average  distance  between  drops;  and  the  scale  of  drops 
themselves.  These  scales  vary  by  orders  of  magnitude  from  the  largest  to  the 
smallest,  and  this  Implies  that  an  accurate  mathematical  description  at  all 
scales  is  impractical.  To  circumvent  this  difficulty  it  has  been  proposed  (5) 
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that  Che  macroscale,  which  is  Che  scale  where  phenomena  occur  chac  are  of 

m 

interest  to  engineers,  be  described  in  detail  and  that  the  microscale,  which 
encompasses  the  scales  much  smaller  chan  the  macroscale,  be  described  in  an 
approximate  and  global  manner.  The  coupling  between  the  two  scales  must  be 
achieved  through  the  boundary  conditions  at  the  microscale  level.  The 

microscale  formulation  is  also  sometimes  called  a  subscale  or  subgrid  model 
because  the  phenomena  that  are  involved  occur  at  a  scale  much  smaller  than  that 
of  the  grid  size  used  to  computationally  resolve  the  macroscale  problem. 
Inherent  to  this  two- level  description  is  the  understanding  that  the  subscale 
models  are  more  approximate  than  the  macroscale  models  and  lack  of  detail  that 
the  latter  are  required  to  have  in  order  to  be  useful.  This  concept  is  similar 
but  not  identical  to  the  proposed  particle-source-in  cell  model  by  Crowe 
et.al.  (6) . 

The  observation  of  clusters  of  drops  in  sprays  points  to  the  natural  choice 
of  the  cluster  size  as  one  of  the  important  microscales.  Within  this  frame  it 
is  envisaged  that  each  cluster  should  be  followed  on  its  trajectory  in  a 
Lagrangian  way  and  that  the  coupling  between  the  cluster  and  its  surroundings 
should  be  achieved  through  proper  boundary  conditions  at  the  cluster  surface. 
One  example  of  the  implementation  of  this  concept  can  be  found  in  Tambour  (7). 
He  partitions  the  spray  Into  section  of  drops  of  known  characteristics  and 
follows  each  group  of  vaporizing  drops  along  a  streamline  in  a  Lagrangian  manner 
while  calculating  one  integral  characteristic  quantity  for  each  section.  In  his 
model  this  integral  quantity  can  be  either  the  number  of  drops,  surface  area  of 
the  drops,  or  volume  of  the  drops,  k  missing  input  of  this  model  is  a 
calculation  of  drop  evaporation  rate  in  each  section;  instead,  the  author 
cleverly  estimates  this  rate  from  the  experimental  data  of  Yule  et.  al.  (8) 


using  Che  d^  -  law  approximation.  As  expected,  the  characteristics  of  each 
group  of  drops  change  during  a  calculation.  Thus,  it  is  important  to  calculate 
these  changes  as  they  occur  rather  than  to  fit  them  in  an  approximate  way  a 
priori  using  experimental  data.  This  example  indicates  that  models  of  droplet 
clusters  must  be  able  to  handle  the  many  areas  where  drops  exist  in  a  spray, 
going  from  the  dense  region  to  the  dilute  region  as  discussed  above. 

Experimental  observations  show  that  dense  and  dilute  collections  of  drops 
behave  very  differently.  In  the  dilute  regime  the  drops  are  so  far  away  from 
each  other  that  they  behave  as  if  isolated  for  all  practical  purposes.  The 
behavior  of  individual,  isolated  drops  under  a  variety  of  assumptions  is 
described  by  classical  theory  (9).  In  contrast,  when  drops  are  closely  spaced, 
their  behavior  changes  due  to  limitations  on  heat  and  mass  transfer  which  result 
from  drop  interactions  with  the  background  gas.  These  interactions  are  called 
indirect  or  long  range  interactions.  Direct  or  short  range  interactions,  such 
as  drop  collisions,  coalescence  or  breakup,  will  not  be  discussed  here.  Beer 
and  Chigier  (10)  show  that  the  quantity  obtained  by  dividing  the  difference 
between  the  initial  droplet  diameter  squared  and  the  actual  diameter  squared  by 
the  time  elapsed  from  the  initial  condition^varies  non-monotonically  with  the 
average  inter-droplet  separation  distance.  In  contrast  this  quantity  is  a 

a 

constant  for  an  isolated  drop  and  is  called  "the  burning  constant."  As  the 
inter -droplet  separation  distance  is  reduced  from  large  values  for  which  drop 
interactions  are  negligible,  the  burning  constant  increases  to  a  maximum,  and 
then  decreases.  This  behavior  arises  because  heat  losses  are  reduced  when  the 
drops  are  brought  slightly  closer  together,  thereby  increasing  the  burning 
constant.  However,  when  the  separation  is  greatly  reduced,  the  amount  of  oxygen 
available  for  combustion  diminishes  and  thus  decreases  the  burning  constant. 


This  latter  situation,  which  typically  prevails  in  spray,  was  investigated 
experimentally  by  Koshland  (11,12)  and  Koshland  and  Bowman  (13).  Their  results 
show  chat,  in  agreement  with  Chigier  and  McCreath  (14)  and  Rao  and  Lefebre  (15), 
both  evaporation  and  combustion  of  groups  of  interactive  drops  depend  on  drop 
number  density  as  well  as  the  oxygen  concentration  in  the  ambient  gas.  Oxygen 
competition  was  identified  (11,  12,  13)  as  one  of  the  processes  that  can  change 
the  combustion  mode  of  groups  of  drops  from  individual  flames  around  drops  (in 
an  oxygen- rich  environment)  to  a  group  combustion  mode  where  the  flame  surrounds 
the  droplet  cloud  (in  an  oxygen- lean  environment).  Thus,  the  prediction  of  the 
global  gas  phase  characteristics  inside  the  drop  cloud  is  of  paramount 
importance  for  the  calculation  of  both  evaporation  and  burning  rates . 

Moreover,  many  of  the  pollutant  forming  reactions  also  depend  indirectly  on 
the  drop  number  density  and  the  oxygen  concentration.  Sangiovanni  and  Liscinsky 
(16)  showed  experimentally  that  soot  production  is  a  strong  function  of  the 
interspacing  between  drops.  Their  results  are  actually  conservative  with 
respect  to  the  situation  in  a  spray,  because  in  their  droplet- stream  experiment 
there  was  no  way  to  account  for  the  influence  of  lateral  spacing  between  drops 
in  the  direction  perpendicular  to  the  stream.  In  a  real  spray,  the  average  drop 
is  surrounded  in  all  three  dimensions  by  other  drops.  For  a  variety  of  fuels 
and  ambient  oxygen  concent? ations ,  it  was  shown  that  by  increasing  the  droplet 
spacing,  a  substantial  decrease  can  be  obtained  in  the  soot  emission  (16) . 
Reductions  in  spray  flame  temperature  and  NOx  levels  were  also  associated  with 
droplet  Interactions  as  shown  by  Chemansky  and  Sarv  (17)  who  interpreted  their 
results  in  terms  of  oxygen  depletion  during  burning.  Additionally,  the  question 
of  whether  the  drops  disappear  well  before  the  entire  amount  of  fuel -vapor  is 
burnt  has  direct  bearing  to  the  formation  of  carbonaceous,  porous  particles 


called  cenospheres.  These  particles  fora  from  each  individual  drop  during 
combustion  of  heavy-oil  sprays  once  the  more  volatile  hydrocarbons  have 
evaporated  and  the  tar- like  material  is  left  behind.  It  appears  that  contrary 
to  the  classical  d2 -  law  assumption  of  equal  vaporization  and  burning  rates,  even 
for  mildly  dilute  groups  of  drops  (initial  drop  number  densities  of  18-80 
drops/cm3),  the  vaporization  rate  is  higher  than  the  fuel  vapor  oxidation  rate 
(11).  Thus,  the  drops  disappear  well  before  the  vapor  fuel  is  burnt,  and 
homogenous  burning  prevails  during  the  latter  time  of  drop  cluster  combustion. 

The  above  discussion  indicates  that  models  of  droplet  clusters  must  be 

flexible  enough  to  accommodate  both  dilute  and  dense  configurations  and  that  the 

cluster  drop  number  density  influences  many  of  the  crucial  aspects  of 

combustion.  The  remainder  of  this  article  is  organized  as  follows:  In  Section 

II,  I  describe  some  current  models  of  drop  interactions  and  show  that  they  have 

limitations  important  enough  to  preclude  them  from  being  used  as  subgrid  models. 

In  the  third  section  I  present  the  approach  that  we  propose  for  modeling  drop 

interactions.  I  show  that  our  model  has  the  potential  of  being  used  as  a 

subgrid  model.  In  addition,  I  discuss  specific  situations  that  were  modeled  and 

the  results  obtained  using  this  formulation.  Finally,  the  Conclusion,  Section 

IV,  contains  a  discussion  of  the  needs  for  further  research. 

» 

• 

II.  SURVEY  OF  DROP  INTERACTION  MODELS 

In  the  present  context,  models  of  droplet  Interactions  describe  the 
interactions  among  a  large  number  of  drops.  This  precludes  models  of  detailed 
Interactions  between  small  numbers  such  as  two  or  three  drops.  While  the  few- 
drop  models  have  helped  to  understand  departures  from  single,  isolated-drop 
behavior,  they  themselves  are  not  candidates  for  subgrid  models  of  dense  sprays. 
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Moreover,  these  fev-drop  models  involve  large  computational  expense  as  well,  and 

m 

thus  are  not  economically  suitable  as  subgrid  models. 

One  of  the  earliest  contributions  to  the  modeling  of  multiple  drop 
interactions  was  made  by  Zung  (18)  for  the  evaporation  of  drops  in  atmospheric 
clouds.  The  cloud  is  approximated  by  a  series  of  cubes  having  sides  equal  to 
the  distance  between  the  centers  of  two  adjacent  drops.  Thus,  each  cube 
contains  an  identical  drop  in  its  center,  and  these  cubes  are  further 
approximated  by  spheres  of  equivalent  volume.  Zung  assumes  that  no  mass 
transfer  occurs  between  cells,  and  uses  this  assumption  to  predict  the  rate  of 
drop  disappearance  in  terms  of  an  average  concentration  inside  the  cell.  The 
results  of  this  model  show  that  the  evaporation  rate  of  a  cloud  is  strongly 
dependent  upon  both  the  drop  radius  and  the  distance  between  drops.  In 
particular,  saturation  of  the  vapor  in  the  ambient  gas  can  occur  before  complete 
evaporation  In  some  cases. 

The  drop-in-a-cell  idea  is  also  used  by  Tishkoff  (19)  who  simulated  the 
interactions  among  evaporating  drops  by  using  an  isolated  drop  in  a  "bubble"  of 
finite  and  constant  radius.  Because  boundary  conditions  at  the  "bubble"  surface 
are  specified  as  a  function  of  time,  the  actual  interactions  between  drops 
during  evaporation  are  given  and  not  calculated.  However,  by  cleverly  changing 
the  size  of  the  bubble,  Tishkoff  shows  that  the  initial  spacing  between  drops 
strongly  Influences  the  outcome  of  evaporation.  When  the  bubble  is  large 
compared  to  the  drop,  the  drop  evaporates  completely;  whereas  when  it  is  small, 
vapor  phase  saturation  may  occur  before  complete  evaporation. 

Chiu  and  his  co-workers  (20,  21,  22,  23)  took  a  very  different  approach. 
In  their  initial  analysis,  a  parameter  G,  which  is  the  ratio  of  total  heat 
transfer  between  the  two  phases  to  the  heat  needed  to  evaporate  the  drops,  is 
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identified  as  a  crucial  number  indicating  the  combustion  mode  for  the  drops  in 
the  spray.  If  G  exceeds  a  critical  value,  a  single  flame  surrounds  the  entire 
spray  and  the  drops  bum  in  what  is  called  an  "external  group"  mode.  In 
contrast,  below  this  critical  value  of  G,  isolated  droplet  burning  occurs.  This 
analysis  was  later  (22)  refined  to  include  other  combustion  modes  between  these 
two  extremes.  The  weakest  aspect  of  this  model  is  the  difficulty  in  obtaining 
information  necessary  to  calculate  G.  Finding  G  involves  the  use  of  empirical 
formulas  characterizing  the  exchange  of  mass,  momentum  and  energy  between  the 
phases.  These  formulas  are  based  upon  those  of  the  classical  single-drop 
evaporation  in  infinite  surroundings.  Realizing  this,  an  attempt  was  made 
recently  (24)  to  improve  this  model  through  the  use  of  a  modified  drop-in-a- 
bubble  model.  The  "test"  drop  is  surrounded  here  by  a  "first  coordination" 
shell  which  corresponds  to  the  radial  position  of  the  largest  number  of  drops 
close  to  the  test  drop.  Thus,  statistically  there  can  be  other  drops  inside  the 
cell,  but  the  model  will  not  take  this  into  account.  Using  the  same  idea,  a 
series  of  second,  third,  etc.  coordination  shells  are  developed.  The  farthest 
shell  from  the  drop  is  a  transition  shell,  the  outer  edge  of  which  has  a 
continuum  of  drops } and  at  this  outer  edge  the  gas  properties  are  prescribed  for 
the  determination  of  the  drop  evaporation  rate.  The  droplet  arrangement  inside 
these  shells  must  be  provided  either  experimentally  or  theoretically  through  a 
pair-distribution  function  that  represents  the  joint  probability  of  finding  a 
drop  located  at  a  given  distance  from  the  test  drop.  Since  this  information 
must  be  provided  at  every  instant  of  time,  and  it  is  very  difficult  to  obtain, 
except  for  the  simplest  of  situations  which  can  be  treated  using  simple 
formalisms,  this  latest  model  of  Chiu  et.al.  does  not  seem  practical. 
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The  idee  of  group  combustion  wee  also  examined  by  Correa  and  Sichel  (25). 

m 

Their  model  assumed  ChaC  the  temperature  of  the  gas  in  a  spherical,  uniform, 
monodisperse  cloud  of  fuel  drops  immersed  in  a  quiescent  atmosphere  was 
initially  in  saturated  equilibrium  and  that  it  stayed  so  during  combustion. 
This  assumption  precludes  the  calculation  of  the  influence  of  drop  proximity 
upon  the  gas  temperature  inside  the  cloud  and  this  has  a  bearing  upon  the 
calculation  of  the  drop  evaporation  rate.  Additionally,  they  also  assumed  the 
ratio  of  the  inter-drop  distance  to  the  drop  diameter  to  be  of  order  10,  so  that 
the  conclusions  based  upon  results  obtained  with  this  model  apply  only  to  this 
regime  and  not  to  much  denser  collections  of  drops.  The  largest  drop  number 
density  for  which  results  were  presented  was  3xl0^cm'^.  The  results  predicted 
the  existence  of  a  thin  inwardly  propagating  vaporization  wave  at  the  edge  of 
the  cloud,  a  decrease  in  cloud  radius  following  the  classical  d^-law  with  a 
modified  "evaporation  constant",  and  a  flame-radius  to  cloud-radius  ratio  and 
flame  temperature  independent  of  the  cloud  parameters.  The  flame  temperature 
was  found  to  be  independent  of  the  cloud  parameters  because  the  gas  temperature 
inside  the  cloud  was  assumed  fixed  at  the  saturated  equilibrium  condition  during 
evaporation  and  combustion. 

Group  combustion  of  drops  was  modeled  in  a  totally  different  manner  by 
Labowsky  and  Rosner  (26),  and  Labowsky  (27,  28,  29).  Under  the  quasi-steady  gas 
phase  assumption,  two  different  approaches  are  used  to  model  interacting  droplet 
burning  (26).  In  the  first  approach,  the  cloud  is  treated  as  a  continuum  with 
the  droplets  acting  as  distributed  sources  of  fuel  and  sinks  of  oxygen.  In  the 
second  approach,  the  flame  location  is  calculated  for  cubical  arrays  of  up  to 
729  particles.  The  flame  location  is  found  by  solving  the  Schvab-Zeldovich 
equations.  These  equations  are  further  transformed  to  Laplace  equations  which 
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In  principle  can  be  solved  by  the  method  of  images.  However,  since  the 
computational  costs  of  the  second  approach  become  prohibitive  when  the  number  of 

particles  reaches  about  20,  the  authors  solve  the  equations  using  a 

< 

superposition  method  which  is  an  approximation  of  the  method  of  images.  In  this 
approximation,  higher-order  terms  on  the  image  series  are  neglected  with  the 
result  that  particles  are  again  treated  as  point  sources  and  their  fields  are 
simply  superimposed.  Thus,  again,  interactions  due  to  particle  proximity  are 
neglected  as  these  interactions  would  have  been  contained  in  the  higher-order 
terms.  The  continuum  method  yields  reliable  solutions  only  when  the  number  of 
particles  is  large  (in  a  dilute  cloud),  and  the  second  method  yields  reliable 
solutijns  only  when  the  number  of  particles  is  small.  The  results  show  that  in 
virtually  all  practical  situations  of  interest,  clouds  burn  as  a  total  group. 
This  condition  is  defined  as  that  occurring  when  the  cloud  as  an  entity  provides 
sufficient  vapor  so  that  fuel  and  oxygen  meet  in  stoichiometric  proportion 
precisely  at  the  cloud  boundary  where  they  will  bum. 

Although  drop  interactions  are  not  accounted  for  by  Labowsky  et.al  (26). 
one  important  contribution  of  this  work  is  to  have  identified  the  ratio  of  the 
fuel-cloud  radius  divided  by  the  fuel-parcicle  radius  as  the  important 
characteristic  which  determines  the  mode  of  combustion  of  the  drop  in  the  cloud. 
If  this  ratio  is  less  than  a  critical  value,  the  particles  bum  individually. 
On  the  other  hand,  if  this  ratio  is  larger  than  another  critical  value,  the 
flame  surrounds  the  entire  cloud.  Presumably,  if  the  characteristic  ratio  falls 
betveen  these  two  critical  values,  there  will  be  several  separate  flames 
surrounding  groups  of  drops  inside  the  cloud.  Although  the  superposition 
approximation  is  not  made  by  Labowsky  in  (27),  the  actual  calculations  are 
limited  to  a  three-droplet  array  which  limits  the  generality  of  the  results. 
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Additionally,  the  analysis  uses  the  assumption  that  the  particle  temperature  is 

not  affected  by  the  drop  interactions,  an  assumption  which  is  certainly  not 

valid  for  closely  spaced  drops,  as  it  will  be  shown  later.  In  fact,  all  the 
* 

comparisons  between  this  theory  using  the  method  of  images  and  experimental 
observations  (28,  29,  30),  are  made  with  experiments  containing  two,  three,  or  a 
stream  of  drops.  This  is  because,  the  method  of  images  leads  to  financially 
prohibitive  calculations  for  arrays  of  more  than  about  20  drops  (26).  The 
largest  number  of  drops  considered  in  a  calculation  performed  with  this  method 
was  25,  and  the  comparison  was  made  with  a  stream  of  interacting  drops  (30). 
For  the  two,  three  or  25  linear -drop  array,  the  comparisons  with  experiments 
showed  reasonable  agreement  for  the  drop  lifetime  when  compared  with  experiments 
involving  two,  three,  or  a  stream  of  drops,  respectively. 

Samson  et  al.  (31)  developed  a  simple  model  to  describe  spray  combustion 
by  combining  the  classical  isolated  drop  theory  devoid  of  hydrodynamic  effects, 
and  various  statistical  concepts.  In  this  model,  the  burning  rate  of  the  drops 
is  identified  with  their  evaporation  rate,  a  fact  that  is  contradictory  to 
experimental  evidence  (11).  Some  favorable  comparisons  with  experimental  data 
are  presented,  but,  in  order  to  obtain  these  results,  the  unknown  radius  of  the 
spherical  fuel  cloud  had  to  be  assigned.  The  values  chosen  for  this  radius  were 
selected  to  obtain  best  comparisons  between  experiments  and  theory?  However, 
the  authors  point  out  (31),  that  the  experiments  used  are  not  really  appropriate 
to  compare  with  the  theory  because  they  Involve  well  defined  droplet  arrays  for 
which  statistical  models  are  not  applicable. 

Umemura  (32)  identifies  a  function,  f,  intrinsic  to  the  geometrical 
configuration  of  the  cloud  and  Independent  of  the  combustion  characteristics,  as 
the  characteristic  indicator  of  droplet  interactions.  In  Umemura's  (32)  quasi- 
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steady  quiescent -atmosphere  theory,  the  drop -evaporation  rate  is  again 

identified  somewhat  incorrectly  with  the  burning  rate  just  as  in  the  isolated 

drop  theory.  Results  are  presented  for  a  system  of  two  droplets. 

* 

The  effect  of  particle  interactions,  first  on  drop  evaporations  and  then  on 
drop  burning,  was  also  modeled  by  Ray  and  Davis  (33)  and  Marberry  et  al.  (34). 
The  isothermal  droplet  evaporation  model  of  Ray  and  Davis  (33)  further  assumes 
that,  despite  evaporating,  the  particles  do  not  change  size  (rate  of  change  of 
size  much  smaller  than  the  diffusive  velocity  of  the  transferred  species)  and 
thus  there  is  no  convective  transport.  By  assuming  that  the  particles  can  be 
treated  as  point  sources  or  sinks,  the  authors  preclude  the  treatment  of  dense 
collections  of  particles  where  the  concentration  or  temperature  field  around 
each  drop  interacts  with  that  of  the  neighboring  drops.  Further,  the  results 
show  that  the  model  becomes  invalid  if  the  number  of  particles  exceeds  the  ratio 
of  the  distance  between  particles  divided  by  the  particle  radius.  This 
represents  a  serious  restriction  to  the  model.  The  same  assumptions  of 
quiescent  atmosphere  and  constant  particle  size  are  kept  in  Marberry  et  al. 
(34).  The  burning  rate  of  each  drop  is  given  by  material  and  energy  balance  at 
the  drop  surface  and  these  are  the  equations  that  now  determine  the  source 
strength  at  each  droplet  location.  The  results  indicate  significant  deviations 
from  the  isolated  droplet  burning  rate  if  the  distance  between  the  drops  is 
smaller  than  20  times  the  droplet  radius.  These  results  were  obtained  for 
systems  of  2,  3  and  4  drops,  tetrahedral  and  cubical  arrays  so  that  none  of  the 
drops  was  entirely  surrounded  by  other  drops.  In  that  respect  the  estimate  of 
the  above  ratio  of  20  should  be  understood  as  a  lower  limit. 

Annamalai  (35)  modeled  the  evaporation,  Ignition  and  combustion  of  a 
droplet  cloud  as  well.  However,  the  results  cannot  be  expected  to  be  reliable 
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because  his  formulation  did  not  contain  a  genuine  description  of  droplet 
interactions . 

The  3 -dimensional  numerical  study  of  Shuen  (36)  was  meant  to  investigate 
che  effect  of  droplet  interactions  on  transport  phenomena  for  droplet  Reynolds 
numbers  of  5-100,  droplet  spacings  of  2-24  diameters,  and  oxygen  concentrations 
of  0.1  to  0.2.  The  physical  situation  studied  is  that  of  a  monosize,  planar, 
semi- infinite  droplet  array  oriented  perpendicular  to  the  direction  of  the  flow. 
Shuen  also  assumed  a  quasi-steady  gas  phase  with  respect  to  the  liquid  phase  and 
no  drop  heating.  The  geometry  studied  suggests  immediately  that  droplet 
interactions  will  be  underpredicted  since  there  is  no  drop  that  is  surrounded  on 
all  sides  by  other  drops  in  a  3-dimenstonal  sense.  Furthermore,  since  the  array 
is  semi- infinite ,  the  amount  of  heat  available  to  the  drops  is  not  a  limiting 
factor  as  it  is  in  real  sprays.  Moreover,  the  neglect  of  droplet  heating 
immediately  suppresses  one  of  the  most  important  modes  of  droplet  interaction; 
that  is,  competition  among  drops  for  the  available  heat.  It  is  not  surprising 
that  the  author  finds  that  interactions  between  drops  become  negligible  for 
spacings  greater  than  six  droplet  diameters  and  Reynolds  numbers  greater  than 
ten.  He  also  finds  that  drop  interactions  result  in  an  insignificant  change  in 
drag  per  drop. 

All  above -discussed  'models  of  drop  interaction  are  deficient  in  some 
important  way  which  precludes  both  the  prediction  of  the  behavior  of  dense 
clusters  of  drops  and  their  inclusion  as  subgrid  models  as  discussed  in  the 
Introduction.  In  the  following,  I  discuss  models  that  have  promise  in  both 
these  respects.  In  contrast  to  the  models  discussed  so  far,  they  include 
explicitly  the  effects  of  drops  interactions.  In  addition,  they  are  formulated 
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in  such  a  way  that  boundary  conditions  with  the  surrounding  gas  can  be  changed 
in  order  to  describe  a  variety  of  situations. 

III. 

The  models  described  below  pertain  to  a  variety  of  situations  and  a 
description  of  their  assumptions  can  be  found  in  Table  I. 

1  ■  Constant-Volume  (Variable- Pressure')  Cluster  Models 

In  the  approach  taken  by  Bellan  and  Cuffel  (37),  a  cluster  of  spherical 
monodisperse ,  uniformly  distributed  drops  is  considered,  and  the  cluster  volume, 
Vc,  can  have  an  arbitrary  shape  and  contain  an  arbitrary  number  of  drops,  N. 
Figure  1  shows  each  drop  of  the  cluster  surrounded  by  a  fictitious  sphere  of 
influence  whose  radius  is  half  the  distance  between  the  centers  of  two  adjacent 
drops.  Thus,  the  volume  of  the  cluster  is  in  fact  the  volume  of  these  spheres 
of  influence  added  to  the  volume  of  the  space  between  the  spheres  of  influence. 
From  simple  geometrical  considerations  usual  in  solid-state  theory  (38),  it  is 
known  that  the  radius  of  the  sphere  of  influence  thus  defined  is 

0.74  Vc  \  V3 

N  4w/3 J  (1) 

where  Vc  is  tha  cluster  volume,  N  is  the  total  number  of  drops  and  "a"  is  the 
radius  of  the  sphere  of  influence.  In  reference  (37),  the  volume  Vc  was 
adiabatically  Insulated,  but  this  restriction  is  removed  in  later  studies  which 
will  be  discussed  below.  On  the  length  scale  of  many  drops,  the  cluster  is 
considered  spatially  homogeneous  in  the  thermodynamic  quantities.  This  means 
that  each  drop  behaves  like  all  other  drops  in  the  cluster.  Moreover,  all 


dependent  variables  are  assumed  to  be  uniform  in  the  interstitial  space  between 
che  spheres  of  influence.  Thus,  the  conservation  equations  for  this  cluster  of 
drops  consist  of:  (1)  the  differential  conservation  equations  for  each  drop  and 
gas  phase  inside  a  sphere  of  influence,  (2)  the  global  conservation  equations 
for  all  drops  inside  the  cluster  volume,  and  (3)  the  perfect  gas  law.  In 
reference  (37),  the  classical  quasi-steady  assumption  for  the  gas  phase  is  made 
and  thus  the  differential  equations  for  the  gas -phase  inside  the  sphere  of 
influence  can  be  solved  exactly.  The  quasi-steady  assumption  is  well- justified 
at  atmospheric  pressure  since  Pg/Pi  z  10“3  where  pg  and  p%  are  the  gas  and 
liquid  densities  respectively.  For  simplicity  it  is  assumed  that  thermodynamic 
equilibrium  prevails  in  the  gas  phase  at  the  drop  surface,  and  that  the  drop 
temperature  is  uniform  but  transient.  (These  assumptions  are  also  relaxed  in 
the  later  studies  which  are  discussed  below.)  The  solution  of  these  equations 
contain  as  parameters  the  unknown  values  of  species  and  temperature  at  the  edge 
of  the  sphere  of  influence.  Since  these  quantities  also  appear  in  the  global 
conservation  equations  and  the  perfect  gas  law,  the  system  of  equations  is 
closed.  At  every  time  step,  the  solution  consists  of  the  evaporation  rate,  the 
radius  of  the  drop,  the  value  of  the  fuel  mass  fraction  and  temperature  at  the 
drop  surface  and  at  the  edge  of  the  spheres  of  influence,  the  density  and  the 
pressure  (both  assumed  uniform  in  Vc). 

Comparing  this  model  to  some  of  the  previously  described  models  one  notices 
that  this  model  is  different  both  from  TIshkoff's  (19)  bubble  model  and  Zung’s 
(18)  cell  model,  even  though  it  also  isolates  each  drop  in  a  sphere  of 
influence.  It  is  different  from  TIshkoff's  model  because  the  conditions  at  the 
edge  of  the  sphere  of  influence  are  not  imposed,  but  instead  are  calculated  as  a 
consequence  of  the  droplet  interactions.  It  is  different  from  Zung's  model  in 
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quite  a  few  aspects,  but  mainly  because  it  does  not  impose  zero  mass  transfer 
between  the  spheres  of  influence  and  it  relates  the  evaporation  rate  to  an  exact 
mass  fraction  inside  the  sphere  of  influence  instead  of  an  averaged  value.  When 
the  volume  of  the  cluster  is  constant  and  the  cluster  is  insulated  from  the 
surroundings,  the  quasi-steady  and  spacial  homogeneity  assumptions  imply  that 
there  is  no  transport  between  the  spheres  of  influence  because  there  is  no 
transport  out  of  the  cluster  and  because  of  symmetry.  In  contrast  to  Zung's 
model,  however,  we  can  evaluate  how  well  the  quasi-steady  assumption  holds  by 
calculating  the  gradient  at  the  edge  of  the  sphere  of  influence.  The  results 
show  that  because  the  quasi-steady  assumption  deteriorates  as  the  radial 
coordinate,  r,  increases,  the  model  improves  as  "a"  in  Eq.  (1)  is  smaller,  that 
is  for  dense  collections  of  drops. 

All  the  calculations  presented  below  are  for  n-decane.  Symbols  in  the 
figures  and  text  are  defined  in  the  Nomenclature.  Figure  2,  produced  from  Ref. 
(37)  shows  plots  of  both  the  cluster  evaporation  time,  tendi,  obtained  with  the 
model  described  above  and  the  ratio  of  this  time  to  that  of  the  evaporation  time 
obtained  with  a  model  of  dilute  spray  evaporation  (39),  tentji/tedi  •  For  dilute 
collections  of  drops,  the  predictions  of  the  two  models  agree.  However,  as 
soon  as  the  non-dimensional  radius  of  the  sphere  of  influence,  R2,  is  smaller 
than  or  of  order  10,  (see- Figure  3),  departures  from  the  dilute  theory  occur. 
In  fact,  when  comparing  with  the  dilute  theory,  four  universal  regimes  are 
identified  as  the  equivalence  ratio,  varies  from  very  large  values  (fuel- 
lean)  to  very  small  values  (fuel-rich).  In  the  first  very  lean  regime,  the 
results  of  the  two  theories  agree.  In  the  second  regime,  evaporation  is 
completed  before  saturation  but  the  ratio  of  the  two  evaporation  times, 
t®ndl/tedl-  is  a  function  of  tf.  In  the  third  regime,  non-dilute  spray  theory 
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predicts  saturation  before  complete  evaporation,  whereas  the  dilute  spray  theory 

predicts  the  opposite.  Finally,  in  a  fourth  regime,  both  theories  predict 

saturation  before  complete  evaporation  but  at  different  times  and  values  of  the 
* 

residual  drop  radius,  R4 .  In  the  first  and  the  second  regime,  tencil  is  a 
decreasing  function  of  0,  whereas  in  the  third  and  fourth  regime  its  becomes  an 
increasing  function  of  0. 

Although  these  regime  are  believed  to  be  universal,  the  values  of  0 
separating  them  change  as  a  function  of  the  fuel  and  the  initial  conditions. 
Thus,  non-dilute  effects  can  occur  even  at  larger  values  than  R2  -  10.  For 
example,  non-dilute  effects  can  be  found  even  for  very  dilute  sprays  when  the 
total  mixture  is  rich.  This  is  illustrated  in  Figure  4.  When  0  is  constant  and 
the  initial  interstitial  mass  fraction  of  fuel  vapor,  Y°p va,  increases,  the 
cluster  becomes  more  dilute  and  the  liquid  fuel  mass  decreases.  Because  of 
this,  the  interstitial  gas  temperature,  Tga,  stays  higher  than  at  lower  values 
of  since  less  heat  is  transferred  to  the  evaporating  drops.  Thus,  as 
Y°Fva  increases,  two  competing  effects  determine  the  rate  of  evaporation  and 
therefore  the  value  of  tentji:  Y°pva  *-s  Iarger  which  tends  to  decrease  the 
evaporation  rate,  but  Tga  is  larger  as  well  which  tends  to  increase  the 
evaporation  rate.  The  interplay  between  these  two  effects  is  such  that  as  Y°fva 
increases  from  zero,  the  'vapor -pressure  effect  dominates  and  therefore  t@ndl 
increases  with  increasing  Y0^*.  In  contrast,  the  dilute  spray  theory  predicts 
that  te<ji  decreases  monotonically  with  increasing  Y°5Va- 

The  results  of  Figure  4  are  not  directly  comparable  with  those  of  Koshland 
(11)  because  in  those  experiments,  the  oxidizer  mass  fraction  and  droplet 
spacing  were  decreased  independently.  Here,  as  Y°pva  increases  (and  thus  the 
mass  fraction  of  oxidizer  decreases),  the  droplet  spacing  increases  because  the 
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equivalence  ratio  is  kept  constant.  However,  since  Figure  4  snows  that  ten(ji  is 
a  very  weak  function  of  Y°pva  and  since  a  decrease  in  droplet  spacing  results  in 

increasing  tencji  (see  Figures  2  and  3)  for  complete  evaporation  before 

<• 

saturation,  it  is  expected  that  ten<jl  increases  when  the  oxidizer  mass  fraction 
decreases  while  the  droplet  spacing  is  constant.  This  yields  the  same  result  as 
that  of  Koshland  (11)  who  found  the  burning  rate  decreasing  with  decreased 
ambient  oxidizer  mass  fraction.  The  results  of  the  theory  of  Bellan  and  Cuffel 
(37)  also  showed  chat  the  square  of  the  normalized  radius  does  not  decrease 
linearly  with  time,  and  thus  the  d^-law  does  not  hold  for  interacting  droplets. 

To  improve  the  predictive  abilities  of  this  model  some  simplifying 
assumptions  of  the  above  formulation  were  relaxed  in  Bellan  and  Harstad  (40) . 
In  particular  the  more  realistic  Langmuir-Knudsen  kinetic  evaporation  law 
replaced  the  Clausius-Clapeyron  relationship,  and  the  drop  temperature  was 
considered  not  only  transient  but  a  function  of  radial  position. 

The  general  idea  of  the  model  is  to  account  for  global  effects.  Thus,  even 
though  there  is  a  net  flow  of  gas  and  heat  through  the  surface  of  the  cluster, 
these  effects  are  not  modeled  in  detail,  but  only  globally.  In  this  particular 
case  mass  and  heat  inflow  or  outflow  through  the  boundary  are  assumed  negligible 
with  respect  to  the  mass  and  heat  content  of  the  cluster.  The  results  show  that 
in  fact  this  is  a  very  good  approximation  for  nondilute  clusters  where 
penetration  of  the  clusters  by  surrounding  gas  is  confined  to  a  very  thin  shell. 
On  the  other  hand  for  dilute  clusters  where  penetration  is  substantial, 
convective  flow  effects  are  appropriately  taken  into  account  by  correlations 
relating  the  evaporation  rate  in  convective  flows  to  those  in  quiescent  flow  and 
to  the  Reynolds  number.  For  intermediate  regimes  of  drop  number  density  the 
model  is  still  expected  to  be  a  good  global  approximation.  Consistent  with  the 
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assumption  of  small  pressure  gradients,  the  exchange  of  momentum  between  drops 
and  gas  is  treated  on  a  local  basis  and  is  considered  to  be  due  to:  (i)  transfer 
due  to  evaporation,  (ii)  transfer  by  fluid  flow  interaction  in  the  form  of  a 
drag  coefficient,  and  (iii)  transfer  due  to  small  pressure  gradients.  The 
ensuing  momentum  equations  are 
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where  ur  -  ud  -  Ug  is  the  relative  velocity  between  drops  and  gas  inside  the 
cluster,  m  is  the  evaporation  rate,  n  is  the  drop  number  density,  p g  is  the  gas 
density,  md  is  the  mass  of  one  drop,  N  is  the  total  number  of  drops,  Ac  is  the 
transverse  area  of  the  cluster,  Ad  is  the  transverse  area  of  a  drop,  and  Cp  and 
Cqc  are  respectively  the  drag  coefficient  for  one  drop  and  the  drag  coefficient 
for  the  cluster  as  an  entity.  ,  These  momentum  equations  are  coupled  to  the  other 
equations.  Here  C^c  is  based  upon  a  length  scale  [Ac(Ug/ud)/ir]® and  is  a 
function  of  the  resultant  Reynolds  number  only.  In  contrast,  Cq  depends  both 
upon  Re  and  a.  The  dependence  of  Cq  upon  R2/R1,  and  thus  the  "blockage"  effect 
due  to  drops  shielding  other  drops  from  the  flow,  is  here  neglected.  The 
Reynolds  number  is  based  upon  ud.  It  is  important  to  notice  that  these  two 
equations  yield  the  correct  limits  in  the  cases  of  not  evaporation  (m-»o) ,  no 
slip  (ur  -*  o) ,  and  quiescent  ambient  gas  (ug  -»  o) . 

Since  the  kinetic  evaporation  law  and  the  equation  of  state  form  a  non¬ 
linear  implicit  set  of  equations  for  the  pressure  and  evaporation  rate,  a 
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predictor-corrector  scheme  is  used  to  solve  the  entire  set  of  equations.  The 
drop  temperature  is  solved  as  a  four- term  truncated  series  in  powers  of  the 
nondimens ional  radial  coordinate,  z,  and  a  GEAR  integrator  package  is  used  to 
solve  the  set  of  ODE’s.  For  each  integrator  step,  the  iteration  starts  with  the 
prediction  of  -the  drop  temperature.  Then  the  equation  of  state  and  kinetic 
evaporation  law  are  solved  using  a  Newton-Raphson  iteration  for  the  pressure  and 
evaporation  rate.  Next,  the  convective  correction  is  applied  to  the  evaporation 
rate  and  finally  the  drop  temperature  is  corrected.  The  iteration  is  repeated, 
starting  with  the  Newton-Raphson  procedure,  until  convergence  is  obtained. 
Thus,  each  time  step  requires  a  nested  double- loop  iteration  to  calculate  the 
drop  temperature,  evaporation  rate  and  pressure.  The  calculations  can  be 
performed  on  a  personal  computer  or  on  a  faster  computer  if  more  speed  is 
desired. 

An  interesting  quantity  to  calculate  is  the  penetration  distance  of  the 
surrounding  flow  into  the  cluster.  This  is  done  by  following  the  cluster  on  its 
trajectory  and  identifying  this  distance  with  the  relaxation  distance,  which  is 
the  distance  travelled  to  the  location  where  ur-0.  Thus,  Eq.  (2)  is  rewritten 
in  Lagrangian  variables  and  integrated.  The  solution  is 


2  In  (1  +  u°r  PgCPg/nm  +  n)  Ad  C[)/(2mn)] 

r  -  - — -  (4) 

F  (Pg/®d  +  n)  Ad  CD 

* 

If  the  ratio  Lp/R,  where  R  is  the  cluster  radius,  is  larger  than  unity, 
penetration  is  important  and  thus  evaporation  is  controlled  by  convection.  In 
contrast  if  Lp/R  is  much  smaller  than  unity,  evaporation  is  controlled  by 
diffusion.  Between  these  two  regimes  there  is  an  intermediate  regime  where  both 
convection  and  diffusion  are  important.  In  this  intermediate  regime,  the 
evaporation  rate  is  very  close  to  that  in  the  convective  evaporation  regime 
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since  convective  effects  dominate  diffusive  effects  during  evaporation.  This  is 
illustrated  in  Figure  5  reproduced  from  Ref.  40.  Calculations  (40)  of  Lp/R  with 
R-10  cm  show  chat  the  diffusive  regime  correspond  to  the  very  dense  (n>103cm'3) 
and  dense  (105cm‘3  >  n>104cm'3)  clusters,  whereas  the  convective  regime 
corresponds  to  dilute  clusters  (n  <  103cm'3  ;  4>  >  -  15.7  for  n-decane  where  4> 
and  4S  are  the  air/fuel  and  stoichiometric  air/fuel  mass  ratio  respectively) . 
Figure  5  shows  that  the  evaporation  time  reaches  an  asymptote  fast  as  4> 
increases  from  the  dense  to  the  dilute  regime.  Additionally,  this  figure  shows 
chat  the  model  is  not  very  sensitive  to  the  drag  model  used,  providing  the  drag 
model  accounts  appropriately  for  the  "blowing"  effect  due  to  evaporation.  This 
blowing  effect  tends  to  decrease  the  drag  coefficient  by  comparison  to  the  non 
evaporation  case.)  The  conclusion  regarding  drag  modeling  is  valid  for  the 
small  to  moderate  range  of  relative  velocities  used  in  the  calculation. 
Furthermore,  the  plots  of  Figure  5  show  that  u°r  is  a  relatively  weak  parameter 
for  controlling  evaporation  in  both  the  dense  and  dilute  regime. 

The  variation  of  the  relative  velocity  of  drops  evaporating  in  clusters  of 
various  initial  equivalence  ratios  is  shown  in  Figure  6.  Figures  7  and  8  show 
respectively  the  variation  of  the  drop  velocity  and  Reynolds  number  with 
residual  drop  radius.  Figure  6  shows  that  the  relative  velocity  of  a  dense 
cluster  of  drops  decreases'  faster  than  does  the  relative  velocity  of  a  dilute 
cluster.  The  opposite  is  true  for  the  drop  velocity,  as  shown  in  Figure  7. 
This  is  due  to  the  fact  that  when  a  dense  cluster  of  drops  moves  through  the  gas 
it  exposes  a  greater  surface  area  to  the  flow  because  at  fixed  R,  the  number  of 
drops  in  the  cluster  is  larger.  For  this  reason  there  is  a  stronger  interaction 
between  drops  and  gas,  and  thus  faster  relaxation  of  ur  to  zero.  In  contrast, 
u^  depends  on  the  inertial  effect  of  the  cloud.  Since  a  dense  cloud  has  a 
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larger  mass,  it  slows  down  less  than  a  more  dilute  cloud.  Finally,  we  find  that 
the  Reynolds  number  decreases  very  fast  during  the  drop  lifetime,  in  agreement 
with  the  isolated  drop  results  of  Dwyer  and  Sanders  (44) .  These  results  also 
show  that  in  convective  flows,  the  concept  of  cluster  density  is  strongly 
related  to  the  value  of  the  relative  velocity  between  drops  and  gas.  Dense 
clusters  quickly  become  "non-porous , "  that  is,  impenetrable  to  the  outer  flow. 
In  this  case  only  the  outer  shell  of  drops  is  exposed  to  the  flow.  In  contrast, 
dilute  clusters  are  "porous"  and  the  ambient  flow  substantially  penetrates  into 
che  cluster. 

The  results  of  Bellan  and  Harstad  (40)  show  that  the  drop  temperature 
becomes  uniform  very  fast  in  dense  clusters  of  drops  (about  1%  of  the  drop 
lifetime).  Additionally,  as  depicted  in  Figure  9  it  is  found  that  the  drop 
temperature  also  becomes  quickly  uniform  even  for  dilute  collections  of  drops, 
although  the  heat-up  time  is  now  about  20%  of  the  drop  lifetime,  and  thus  cannot 
be  ignored.  This  is  to  be  contrasted  with  computational  results  for  single 
drops  which  showed  that  the  temperature  was  staying  nonuniform  during  most  of 
the  drops  lifetime  (45).  In  agreement  with  the  results  of  Ref.  (45)  Figure  9 
shows  that  the  drop  temperature  continues  to  increase  during  the  entire  drop 
lifetime  for  dense  and  dilute  clusters  of  drops.  It  must  be  pointed  out  that 
the  results  of  Ref.  (40)  v%re  obtained  using  a  transient  conduction  equation  to 
describe  droplet  heating.  This  is  justified  because  the  ratio  of  the 
characteristic  time  for  circulation  to  che  characteristic  time  for  heat-up, 
{*i/(P|  Cpi)]/(Mi/P|)].  is  of  the  order  of  3x10’^.  Here  A,  Cp  and  p  are  heat 
conductivity,  heat  capacity  at  constant  pressure  and  viscosity,  respectively, 
and  the  subscript  "i"  refers  to  liquid.  Thus,  the  heating  time  is  Indeed 
independent  of  the  circulation  time,  justifying  the  use  of  the  spherically- 
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symmetric  heat -conduction  equation.  Based  upon  these  results,  it  seems 
appropriate  to  ignore  drop -temperature  nonuniformities  when  one  considers  the 

evaporation  of  dense  clusters  of  drops  for  single  -  component  fuels  Thus  it  is 

< 

appropriate  to  use  a  one  dimensional  spherically  symmetric  model  to  describe  the 
evolution  of  the  drop  temperature,  instead  of  the  more  sophisticated  model  of 
Ref.  (45).  Since  subgrid  models  should  be  computationally  economical,  because 
they  are  to  be  incorporated  into  large  and  expensive  macroscale  codes,  the  use 
of  a  simpler  model  could  yield  substantial  computational  savings. 

2 .  Constant  Pressure  ('Variable-Volume)  Cluster  Models. 

2 .A.  Evaporation 

While  the  models  described  above  contribute  to  understanding  the  difference 
between  the  evaporation  of  dense  and  dilute  clusters  of  drops,  such  models  are 
not  appropriate  as  subgrid  models.  The  reason  for  this  is  the  lack  of 
appropriate  boundary  conditions  at  the  macroscale  level  in  order  to  describe  the 
interactions  with  the  surroundings  appropriately  and  self  consistently.  These 
boundary  conditions  provide  the  coupling  between  the  microscale  and  the 
macroscale  and  thus  are  crucial  to  a  subgrid  model. 

The  models  described  next  apply  to  clusters  of  drops  that  are  as  large  as. 

m 

or  larger  than  the  Taylor  macroscale  in  a  flow;  that  is,  they  are  at  least  as 
large  as  the  largest  dynamically  significant  eddies  in  the  flow.  This  means 
that,  unless  the  scale  of  the  computational  grid  is  larger  than  the  Taylor 
macroscale,  the  following  models  cannot  be  used  as  subgrid  models. 
Unfortunately,  this  means  that  if  such  models  are  incorporated  as  submodels,  the 
grid  may  have  to  be  rather  coarse  and  thus  the  calculations  will  lack  detail. 
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The  developmenc  of  submodels  for  a  finer  grid  scale  is  an  important  area  of 
future  research. 

In  Bellan  and  Harstad  (5)  a  model  accounting  for  mass,  species  and  energy 
transfer  across  the  surface  of  the  cluster  is  formulated.  In  this  model  the 
drops  move  with  respect  to  each  other  and  thus  expansion  and  contraction  of  the 
cluster  may  occur.  Thus,  in  contrast  to  the  models  of  References  (37)  and  (40), 
the  drop  number  density  becomes  a  time -dependent  variable,  whereas  pressure  is 
taken  as  constant.  A  pictorial  representation  of  the  situation  studied  is  shown 
in  Figure  10a.  In  this  formulation  the  gas  density  inside  each  sphere  of 
influence  is  no  longer  uniform,  but  becomes  a  function  of  the  radial  position  in 
the  sphere.  The  model  still  keeps  the  previous  basic  features  with 

conservation  equations  for  the  drop  and  gas  inside  the  sphere  of  influence, 
global  conservation  equations  for  the  entire  cluster  and  the  perfect  gas  law, 
but  there  are  two  new  elements  here:  (a)  a  model  for  transport  from  the 
surrounding  gas  to  the  cluster,  and  (b)  a  model  for  the  drop  motion  inside  the 
cluster  that  pertains  to  transport  from  the  cluster  to  the  surrounding  gas. 

2. A. a.  Transfer  from  the  surrounding  gas  to  the  cluster. 

Consistent  with  the  assumption  that  the  cluster  size  is  much  larger  than 
the  size  of  the  smallest  dynamically  important  eddies,  turbulent  heat  transfer 
may  be  described  using  a  Nusselt  number  approach.  Further,  similarity  between 
heat  and  mass  transfer  is  assumed  and  thus  Shc  -  Nuc.  Because  it  is  very 
important  to  understand  how  the  history  of  turbulence  affects  cluster  behavior, 
two  turbulence  models  are  considered  and  compared. 

In  the  first  turbulence  transfer  model  the  drops  do  not  act  initially  as  an 
entity,  but  rather  as  individuals  and  turbulence  builds  up  with  time  if  the 
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cluster  porosity,  that  is  if  ur,  diminishes  significantly.  In  the  second 
turbulence  model,  the  cluster  surroundings  are  assumed  to  be  initially 
curbulent . 

2.A.b.  Transfer  from  the  cluster  to  the  surrounding  gas. 

Similar  to  the  above,  two  models  are  considered  here  as  well.  In  the  first 
model  transport  is  represented  using  a  "trapping  factor"  model  for  the  gas 
velocity  at  the  edge  of  the  sphere  of  influence  (45)  to  calculate  the  mass  loss. 
The  trapping  factor  is  an  interpolation  coefficient  between  a  strictly  steady 
gas  phase  limit  where  there  is  strong  evaporation  and  maximum  new  vapor  passes 
through  the  sphere  of  influence  (representing  the  dense  case,  mg  «  m^) ,  and  the 
limit  of  null  loss  where  all  new  vapor  is  trapped  inside  the  sphere  of  influence 
(representing  the  dilute  case,  m^  «  mg). 

The  second  model  for  the  drop  motion  inside  the  cluster  (46)  introduces  a 
similarity  parameter,  f  -  r/R.  For  a  given  drop,  (  is  a  constant  which  varies 
in  the  cluster  between  zero  and  unity.  Whereas  in  the  previous  model  drops  and 
gas  were  moving  respectively  with  velocities  u^  and  Ug  in  the  axial  direction, 
now  there  is  an  additional  radial  velocity  component,  respectively  <  dR/dt  and 
£  Uge  where  Uge  is  the  gas  velocity  at  the  edge  of  the  cluster.  Thus  the  radial 
slip  velocity  at  the  edge  of  the  cluster  is  ure  -  dR/dt  -  Uge.  Note  that  on  a 
large  length  scale  the  evaporating  drops  form  a  uniform  mass  source  density  and 
this  is  consistent  with  the  similarity  assumption.  In  this  model,  global 

momentum  equations  for  radial  and  axial  velocities  are  formulated  in  a  manner 
similar  to  Bellan  and  Harstad  (40);  unlike  in  Reference  (40),  £  now  appears  in 
the  momentum  equations.  In  general,  the  momentum  equations  are  consistent  with 
similarity  with  the  exception  of  nonlinear  drag  and  convective  derivative  terms. 
To  be  consistent  with  the  other  global  equations  where  the  radial  dependence 


167 


does  noc  appear,  average  equations  are  formed  by  integrating  over  £.  This 
eliminates  some  coupling  between  axial  and  radial  velocities  due  to  convective 
derivative  terms,  and  also  means  that  the  tendency  of  nonlinear  drag  to  destroy 
the  self  similar  radial  motion  is  neglected. 

Figure  11  reproduced  from  Bellan  and  Harstad  (47)  shows  a  comparison 
between  the  prediction  of  the  four  models.  These  models  are  listed  in  Table  II. 
In  the  dilute  cluster  regime  there  is  excellent  agreement  between  the 
predictions  of  all  four  models  because  evaporation  of  drops  in  this  regime  is 
not  controlled  by  transport  processes.  In  contrast,  in  the  dense  cluster  regime 
transport  processes  control  evaporation,  resulting  in  substantial  quantitative 
disagreement  among  the  results  of  the  four  models.  Qualitatively,  the 
predictions  should  be  similar:  tevap  reaches  a  maximum  in  the  dense  regime  and 
decreases  as  0  decreases.  The  cluster  is  initially  denser,  and  eventually 
saturation  is  obtained  before  complete  evaporation.  Thus,  validation  of  dense 
cluster  or  dense  spray  models  requires  experimental  results  precisely  in  this 
large  drop  number  density  regime. 

The  models  of  References  (5)  and  (47)  also  predict  that  in  absence  of 
internal  vortical  motion  inside  the  cluster,  dense  clusters  will  first  contract 
due  to  internal  gas  cooling  and  then  expand  due  to  turbulent  transport  of  hot 
external  gas  inside  the  cluster.  The  stronger  is  the  turbulent  transport  and 
the  smaller  is  the  cluster,  the  smaller  the  contraction  and  the  larger  the 
recovery  towards  the  original  size.  In  general,  it  seems  that  clusters  do  not 
recover  their  original  size  by  the  time  the  drops  have  evaporated.  Total  fuel* 
mass  loss  from  clusters  turns  out  to  be  very  small  for  large  clusters  of  drops, 
but  increases  substantially  for  small  clusters  of  drops  (47).  The  accurate 
prediction  of  this  quantity  is  crucial  for  dense  clusters  of  drops  because 
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ignition  is  expected  to  occur  outside  of  the  cluster  (48)  and  it  is  precisely 
this  ejected  fuel  vapor  which  ignites  to  establish  a  flame  surrounding  the 
cluster . 

2 • B.  Ignition  and  Combustion 

The  prediction  of  droplet  ignition  in  clusters  is  very  challenging  from 
many  points  of  view.  In  power  generation  systems,  clusters  of  drops  are  exposed 
to  convective  flows  that  sweep  fuel  vapor  ejected  from  the  cluster  into  the  wake 
regime  behind  the  cluster.  Thus,  ignition  will  be  a  result  of  the  interplay 
between  transport  processes  from  the  cluster  to  the  surroundings  which  bring  the 
fuel  vapor  from  the  interior  to  the  exterior  of  the  cluster,  convective  effects 
outside  of  the  clusters  which  sweep  the  fuel  vapor  into  the  wake  regime,  and 
chemical  kinetics.  This  interpretation  is  in  agreement  with  the  experimental 
results  of  Sato  et  al.  (50).  The  authors  (50)  infer  from  their  experiments  that 
ignition  occurs  at  the  stagnation  point  of  the  tip  of  the  fuel  spray.  The 
ignition  delay  is  due  to  the  interplay  between  two  effects  described  by  two 
characteristic  times.  The  first  effect  is  convection,  and  thus  the 
characteristic  time  is  that  spent  for  reducing  the  velocity  gradient  at  the 
spray  tip  below  a  critical  velocity  gradient  at.  which  ignition  occurs.  The 
second  effect  is  chemical  kinetics,  and  thus  the  characteristic  time  is  that  for 
ignition  (that  is  chemical  run-away)  to  occur  at  a  given  velocity  gradient. 
Sato's  conclusion  is  that  in  their  particular  experiment  the  latter  time  is  much 
smaller  than  the  former,  and  thus  chemistry  dominates  ignition  delay  times.  In 
other  experiments  convection  effects  might  dominate  chemical  effects.  This 
picture  is  very  different  from  that  of  the  ignition  of  a  single,  isolated  drop 
in  quiescent  surroundings  or  even  that  of  single-droplet  ignition  in  a 
convective  flow  (49). 
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It  is  important  to  notice  that  in  cluster  ignition,  convective  effects  are 

important.  If  the  cluster  is  dilute,  the  effect  of  convection  around  each  drop 

will  be  important.  If  the  cluster  is  dense,  the  convective  effects  around  the 
* 

drops  located  on  a  shell  at  the  boundary  of  the  cluster  will  be  important 
because  outer  flow  penetration  is  confined  to  this  shell.  The  denser  the 
cluster  is,  the  thinner  will  be  the  shell. 

The  experimental  observation  of  thin  flames  surrounding  clusters  of  drops 
(2,  3)  suggests  chat  it  may  be  reasonable  to  describe  ignition  and  combustion 
using  the  classical  flame-sheath  concept  (8).  This  means  that  instead  of  using 
a  chemical  kinetic  approach  to  ignition  and  combustion,  an  ignition  criterion 
combined  with  a  flame -sheath  approach  might  be  used  instead. 

Such  an  ignition  criterion  was  developed  by  Bellan  and  Harstad  (48) .  To 
predict  the  ignition  location,  a  two  dimensional  map  is  built  to  compare 
convective  and  diffusive  effects.  The  convective  effects  are  measured  by  the 
extent  of  flow  penetration  into  the  cluster,  quantified  as  the  ratio  of  the 
penetration  distance  to  the  radius  of  the  cluster.  If  this  ratio  is  much 
smaller  than  unity,  evaporation  and  thus  ignition  is  diffusion  controlled. 
Therefore  the  ignition  location  can  be  identified  using  the  criteria  developed 
by  Labowsky  and  Rosner  (26)  for  quasi-steady  combustion  to  determine  whether 
particles  bum  individually  or  collectively.  Moreover,  in  this’  diffusion- 
controlled  regime,  the  ignition  timing  is  predicted  using  a  Damkohler  number 
criterion  which  compares  characteristic  diffusion  and  reaction  times.  This 
Domkohler  number  criterion  is  valid  only  for  diffusion-controlled  situations, 
and  thus  the  corresponding  ignition  criterion  is  valid  only  for  nondilute 
clusters  of  drops  exposed  to  a  moderate  to  weak  convective  flow.  When  the  ratio 
of  the  penetration  distance  to  the  cluster  radius  is  of  the  order  of,  or  much 
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larger  chan  unity,  evaporation  is  respectively  convection-diffusion  and 
convection  controlled.  Since  convection  effects  are  always  stronger  than 
diffusion  effects,  the  role  of  convection  must  be  important  during  ignition.  It 
is  this  author's  opinion  that  a  field  computation,  taking  into  account  both 
convection  and  chemical  kinetics  is  necessary  to  determine  the  ignition  time  in 
these  situations.  Ignition  criteria  similar  to  chat  of  the  Domkohler  number, 
but  also  involving  the  Reynolds  number  for  a  single,  isolated  drop,  would  be 
irrelevant  to  cluster  ignition,  except  for  very  dilute  clusters.  Such  criteria 
cannot  take  into  account  the  very  important  transport  processes  between  the 
cluster  and  the  surroundings.  Bellan  and  Harstad  (48)  show  that  ignition  of 
nondilute  clusters  of  drops  invariably  occurs  external  to  the  cluster,  and  that 
the  boundaries  between  the  diffusive,  convective-diffusive,  and  convective 
regimes  defined  above  are  functions  of  the  fuel  and  the  initial  conditions. 

Using  the  above  model  of  cluster  ignition,  Bellan  and  Harstad  (51)  have 
formulated  a  model  of  nondilute  cluster  combustion.  In  this  model,  fuel 
evaporated  from  the  drops  is  ejected  out  of  the  cluster  at  a  rate  determined  by 
the  balance  of  transport  processes  across  the  boundary  of  the  cluster.  After 
ignition  there  is  a  very  short-lived,  weak,  premixed  flame  depleting  all  oxygen 
inside  the  cluster  which  is  followed  Dy  a  thin,  counterflow  diffusion  flame. 
One  crucial  aspect  of  this  combustion  model  is  that  the  burning  rate  is  not 
equal  to  the  evaporation  rate,  in  agreement  with  the  experimental  results  of 
Koshland  (11).  Also,  the  flame  temperature  depends  upon  the  cluster  parameters 
unlike  in  the  work  of  Correa  and  Sichel  (25). 

Figure  12  reproduced  from  Reference  (51)  shows  the  fraction  of  fuel  burnt, 
fg,  at  ignition  and  at  the  moment  of  drop  disappearance  for  the  weak  and  strong 
turbulence  models  described  above  versus  the  initial  air/fuel  mass  ratio.  As 
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experimentally  observed  by  Koshland  (11),  there  is  still  a  substantial  amount  of 
fuel  vapor  left  to  bum  when  the  drops  disappear.  Figure  13  shows  the  ratio 
between  the  fraction  of  fuel  burnt  and  the  fraction  of  fuel  lost,  fg/fpi.  when 
R-0  versus  4°  for  the  same  conditions  as  those  of  Figure  12.  When  the  cluster 
is  initially  denser  (smaller  ^°'s),  this  ratio  is  smaller  because  more  fuel  is 
ejected  from  the  cluster,  making  the  flame  stand  further  from  the  cluster. 

More  vigorous  fuel  evaporation  and  fuel  loss,  and  shorter  evaporation  time, 
explains  why  the  ratio  between  the  flame  radius  and  the  cluster  radius,  Rf/R,  is 
larger  for  turbulence  model  2  than  for  turbulence  model  1.  This  results  in 
smaller  values  for  fg/fp_g  when  turbulence  is  strong  (turbulence  model  2)  than 
when  turbulence  is  weak  (turbulence  model  1). 

In  all  calculations  carried  out  with  this  model,  varying  parametrically  the 
initial  cluster  size,  the  ambient  gas  temperature  and  the  initial  drop 
temperatures,  the  flame  establishes  itself  very  close  to  the  cluster  boundary 
and  Rf/R  is  at  most  1.01.  During  burning  lff/R  varies  but  never  exceeds  1.01. 
This  is  in  complete  agreement  with  the  experimental  observations  of  Allen  and 
Hanson  (2,  3)  and  Nakabe  et  al.  (4)  for  "pockets"  of  drops. 

The  restricted  range  of  initial  air/fuel  mass  ratios  investigated  with  this 
model  corresponds  to  the  range  of  moderately-dense  clusters.  For  larger  values 
of  ^°,  the  gas  phase  inside  the  cluster  becomes  lean  at  ignition.  The  present 
model  is  limited  to  describing  combustion  after  ignition  when  the  gas  phase 
inside  the  cluster  is  rich.  For  smaller  values  of  ^°,  the  cluster  becomes  very 
dense  and  ignition  does  not  occur  before  the  drops  disappear.  This  means  that 
burning  will  occur  in  presence  of  the  gas  phase  only,  a  situation  that  the 
present  model  does  not  treat  properly.  In  this  latter  situation  turbulence 
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effects  and  flame  wrinkling  become  dominant,  and  these  phenomena  are  not  modeled 
here . 

Figure  14,  reproduced  from  Reference  (51)  shows  that  smaller  clusters  of 
drops  are  more  efficient  at  burning  fuel,  a  fact  which  agrees  with  intuition. 

2.C.  Evaporation  and  Dispersion  of  Electrostatically  Charged  Drops 

It  was  mentioned  in  the  Introduction  that  soot  production  is  a  strong 
function  of  drop  proximity,  increasing  as  the  drops  get  closer  and  trap  the  fuel 
rich  gas  between  them  where  soot  formation  reactions  occur.  Calculations  based 
upon  a  simple  model  of  electrostatic  drop  dispersion  carried  out  by  Bellan  (52) 
indicated  that  electrostatic  drop  dispersion  might  be  a  viable  concept  for 
rendering  clusters  more  dilute  and  thus  controlling  soot  production.  Recently, 
a  more  realistic  model  of  evaporation  of  electrostatically  charged  drops  has 
been  formulated  by  Harstad  and  Bellan  (46) ,  and  some  of  the  results  obtained 
with  this  model  are  presented  below  in  order  to  illustrate  another  aspect  where 
there  is  a  difference  of  behavior  between  dense  and  dilute  clusters  of  drops. 

The  model  describing  electrostatic  dispersion  and  evaporation  is  the  same 
as  that  of  Bellan  and  Harstad  (47)  with  the  further  addition  of  the  charge 
effects.  The  radial  electric  field  and  electrostatic  force  are  taken 
proportional  to  the  similarity  parameter  £  defined  earlier.  Both  momentum  and 
energy  equations  take  irfto  account  these  effects  which  are  averaged  by 
integrating  over  £.  Figures  15,  16  and  17,  reproduced  from  Reference  46,  show 
respectively  the  evaporation  time  and  the  volume  ratio  (final  volume/initial 
volume)  versus  the  initial  air/fuel  mass  ratio  for  various  charge  ratios,  as 
well  as  the  evaporation  time  versus  the  charge  ratio  for  a  dense  cluster  of 
drops.  The  charge  ratio  is  the  charge  divided  by  the  maximum  charge  feasible 
for  a  given  drop  size  (53).  As  seen  in  Figure  15,  only  dense  clusters  are 
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affected  by  drop  charge.  The  charge  acts  to  expand  the  cluster  Into  the  hot 
ambient  air,  as  seen  in  Figure  16,  thus  promoting  evaporation.  For  dilute 
clusters  the  electrostatic  forces  are  too  weak  to  produce  any  significant 
expansion. 

Some  of  the  results  discussed  above,  together  with  the  results  illustrated 
in  Figure  17,  show  that  the  predicted  evaporation  time  does  not  depend  upon 
turbulence  models  for  nondense  clusters  of  drops,  independently  of  whether  the 
drops  are  charged  or  uncharged.  In  contrast,  the  turbulence  models  can  greatly 
affect  the  predictions  for  uncharged  dense  clusters  of  drops  (5,  47).  This  is 
due  to  the  restricted  available  thermal  energy  for  evaporation  in  the  relatively 
small  interstitial  region  of  dense  clusters,  along  with  comparative  isolation 
from  the  hot  ambient  gas.  For  uncharged  drops,  only  turbulence  can  break  this 
isolation,  whereas  for  highly  charged  drops,  charge- induced  expansion  dominates. 
As  seen  in  Figure  17,  for  drop  charges  greater  than  half  the  value  proposed  by 
Kelly  (53),  the  evaporation  time  is  independent  of  the  turbulent  model.  In 
Figures  15-17  the  evaporation  time  is  that  obtained  at  -  0.3  which  is  the 
value  close  to  that  at  which  Rayleigh  instability  occurs.  The  calculations  are 
stopped  at  this  point  thus  avoiding  the  modeling  of  the  ensuing  drop  breakup. 

iv.  CWCLVSIQHS 

The  models  and  results  presented  in  Sections  II  and  III  underscore  the 
difficulty  of  formulating  appropriate  subgrid  models  for  use  in  computationally 
intensive  codes  that  could  describe  a  variety  of  combustors.  The  difficulty  is 
associated  with  the  many  phenomena  involved,  some  of  which  are  Important  only  in 
limited  regimes.  However,  since  subgrid  models  must  be  reliable  over  a  wide 
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range  of  physical  situations,  it  is  important  to  account  for  all  these 
phenomena . 

The  computational  and  experimental  results  obtained  so  far  show  that  dense 
and  dilute  collections  of  drops  behave  very  differently.  For  dense  clusters  of 
drops,  the  numerical  results  show  that  the  initial  turbulence  level  of  the 
surrounding  flow  is  crucial  in  determining  the  evaporation  time  and  the  dynamics 
of  the  cluster  size.  This  is  due  to  several  interactions  factors.  In  the 
absence  of  vortical  motion  inside  the  cluster,  any  initial  relative  velocity 
between  drops  and  gas  inside  the  cluster  decays  very  fast  to  zero  and  thus 
relative  convection  effects  primarily  enhance  evaporation  initially.  The 
internal  temperature  of  the  drops  increases  rapidly,  becomes  uniform  very  fast 
compared  to  the  drops  lifetime,  and  continues  to  increase  during  the  entire 
evaporation  time.  The  energy  thus  transferred  from  the  gas  phase  to  a 
relatively  large  quantity  of  liquid,  particulary  in  the  absence  of  turbulent 
mixing  with  large  volumes  of  hot  gas,  cools  the  gas  very  rapidly  during  this 
initial  period  and  the  cluster  size  decreases  as  a  result.  The  turbulent 
transfer  of  heat  and  mass  from  the  ambient  to  the  cluster  can  significantly 
influence  evaporation.  If  this  transfer  is  vigorous,  evaporation  continues  and 
the  cluster  size  increases  rather  than  decreases.  In  the  absence  of  turbulent 
mixing  saturation  may  occur  before  complete  evaporation. 

In  contrast,  the  evaporation  of  dilute  clusters  of  drops  is  not  controlled 
by  turbulence.  In  dilute  clusters  the  energy  transferred  from  the  gas  to  the 
drops  has  a  negligible  impact  upon  the  total  energy  content  of  the  gas.  Thus, 
in  the  absence  of  internal  vortical  motion  the  cluster  size  stays  nearly  equal 
to  its  initial  value.  Both  the  relaxation  time  of  the  relativ.s  velocity  between 
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drops  and  gas  inside  Che  cluster,  and  the  time  taken  for  internal  drop 
temperature  to  become  uniform  are  comparable  to  the  drop  lifetime. 

The  above  results  have  direct  bearing  upon  the  validation  of  such  subgrid 
models  using  comparison  with  experimental  observations .  They  show  that  results 
obtained  only  from  dilute  portions  of  a  spray  are  inappropriate  to  use  for 
comparison  because  they  cannot  take  into  account  the  importance  of  the  transport 
phenomena  which  are  crucial  in  the  dense  regions  of  the  spray.  This  is 
especially  important  for  the  subgrid  models  since,  as  pointed  out  here, 
appropriate  boundary  conditions  for  the  microscale  of  the  computation  are 
critical  in  order  to  couple  to  the  macroscale.  It  should  be  noticed  that  the 
models  presented  here  are  not  truly  appropriate  as  subgrid  models,  except  for 
calculations  where  the  macroscale  of  the  system  is  larger  than  or  comparable  to 
the  Taylor  macroscale.  Modified  approaches  must  be  used  to  mathematically 
describe  situations  where  the  Taylor  microscale  and  the  cluster  size  are  of  the 
same  order  of  magnitude. 

The  above  considerations  of  spray  and  cluster  ignition  have  shown  that 
there  is  still  a  considerable  uncertainty  regarding  the  description  of  this 
phenomenon,  even  qualitatively,  at  the  microscale  level.  The  difficulty  arises 
because  in  practical  systems  ignition  is  always  controlled  by  convection.  For 
dense  clusters  of  drops  Ignition  occurs  outside  the  cluster  where  convective 
effects  are  important.  For  dilute  clusters  of  drops  ignition  might  occur  inside 
the  cluster.  Since  the  relative  velocity  between  drops  and  gas  has  a 
characteristic  relaxation  time  comparable  to  the  lifetime  of  the  drop  in  this 
case,  convection  effects  are  important  again.  Thus,  it  appears  thus  that  it 
would  be  necessary  to  solve  differencial  equations  taking  Into  account  both 
convection  and  chemical  kinetics  at  the  microscale  level.  Clearly,  a  simpler 
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method  is  desirable,  making  this  an  area  where  new  strategies  definitely  are 
needed  to  deal  with  the  situation.  It  should  be  pointed  out  that  this 
discussion  is  relevant  not  only  to  the  mathematical  description  of  ignition,  but 
also  to  flame  stability. 

Cluster  flames  cannot  be  either  quasi-steady  or  thin  just  after  ignition. 
However,  the  flame  sheath  approximation  still  seems  to  be  a  useful  concept  which 
qualitatively  describes  flames  around  clusters,  providing  one  accounts  proper  iy 
for  transport  processes  to  and  from  the  cluster  and  does  not  make  the  assumption 
chat  the  burning  rate  equals  the  evaporation  rate.  When  the  flame  sheath 
concept  is  properly  incorporated  into  a  model,  this  model  yields  two  important 
results:  1)  that  the  flame  sits  just  at  the  periphery  of  the  cluster,  and  2) 
that  the  drops  disappear  well  before  the  entire  fuel  vapor  is  burnt.  Both  these 
results  are  in  complete  agreement  with  experimental  observations. 

Finally,  although  numerical  methods  have  not  been  discussed  here  in  detail, 
they  are  a  very  important  component  of  these  two-level  (macroscale-microscale) 
models  and  are  expected  to  become  even  more  important  once  these  subgrid  models 
have  to  be  incorporated  into  the  macroscale  calculations. 

Most  present  large  scale  codes  are  based  upon  the  assumption  that  the 
volume  element  does  not  change  in  size  and-  that  the  pressure  is  variable  within 
the  volume  (54).  Langrangian  calculations,  where  the  volume  does  change,  are 
also  occasionally  performed,  but  their  implementation  in  multidimensions 
requires  much  more  effort  (54).  Typically,  all  large  scale  codes  solve 
nonlinear,  coupled  mass,  species,  momentum  and  energy  equations  using  a  variety 
of  techniques.  In  unsteady  codes,  the  solution  is  obtained  by  iterating  several 
times  at  each  time  step  until  convergence  of  the  nonlinear  and  of  the  coupled 
terms  i3  obtained. 
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Since  clusters  of  evaporating  drops  change  their  volume  during  the  drops 

m 

lifetime,  even  in  the  absence  of  internal  vortical  motion,  it  seems  that  the 

Langragian  codes  are  physically  much  more  appropriate  to  describe  the  macroscale 

< 

in  this  two-level  (macroscale  -  microscale)  description.  The  Lagrangian 
description  also  offers  the  advantage  of  the  simplest  boundary  conditions  at  the 
surface  of  the  cluster.  These  boundary  conditions  couple  the  microscile  to  the 
macroscale  and  they  describe  transfer  of  mass,  species,  momentum  and  energy 
across  the  surface  of  the  cluster.  The  density,  composition,  temperature  and 
velocity  field  of  the  gas  surroundings  the  cluster  must  be  provided  at  each  time 
step  iteration  by  the  solution  of  the  macroscale  equations.  The  motion  of  the 
cluster  surface  is  given  by  the  solution  of  the  global  conservation  equations 
for  the  cluster.  In  the  Lagrangian  description  the  cluster  has  an  identity 
because  it  contains  the  same  drops  throughout  the  calculation  and  the  volume  of 
the  cluster  is  defined  as  the  volume  contained  inside  the  envelope  of  these 
drops . 

In  contrast,  in  an  Eulerian  calculation  a  fixed  volume  element  cannot 
represent  the  same  drops  throughout  the  calculation,  and  thus  the  cluster 
representation  is  no  longer  meaningful.  In  the  Eulerian  representation  drops 
move  between  volume  elements  and  thus  conservation  equations  for  the  number  of 
drops  in  each  volume  element  are  additionally  needed.  Moreover,  the  boundary 
conditions  at  the  fixed  surface  of  the  volume  element  have  to  include  now  terms 
representing  transport  of  drops,  gaseous  mass,  species,  momentum  and  energy 
required  to  keep  the  volume  constant.  Similar  to  the  microscale -macroscale 
coupling  at  each  time  step  iteration  in  a  Lagrangian  code,  the  macroscale 
Eulerian  code  must  also  provide  the  density,  composition,  temperature  and 
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velocity  field  of  the  gas  surrounding  the  cluster  for  coupling  with  the 
microscale  calculations . 

The  present  calculations  (5)  of  cluster  evaporation,  ignition  and 
< 

combustion  are  rather  inexpensive.  In  average,  less  than  10  sec.  of  CPU  time  is 
spent  on  a  UNIVAC  1100  to  calculate  the  entire  history  of  the  cluster  for  a 
given  set  of  initial  conditions  and  fixed  values  of  the  density,  composition, 
temperature  and  velocity  field  in  the  gas  surrounding  the  cluster.  The  model 
and  code  are  flexible  enough  to  allow  the  use  of  more  realistic  boundary 
conditions  and  to  be  coupled  to  a  macroscale  code.  The  final  cost  of  a  code 
based  upon  the  two- level  description  will  be  determined  by  the  macroscale  code 
and  by  the  efficiency  with  which  the  microscale  code  is  coupled  to  the 
macroscale  code. 
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Figure  15 
Figure  16 


Time  for  drops  to  evaporate  to  30%  of  their  initial  radius  versus 
^°-for  null  and  various  finite  charge  ratios. 

Volume  ratio  at  tQ . 3  versus  <£°  for  null  and  various  finite  charge 
ratios. 


Figure  17 


Time  tor  drops  to  evaporate  to  30%  of  their  initial  radius  versus 
the  charge  ratio  for  two  turbulence  models. 
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ABSTRACT 


The  behavior  of  evaporating  clusters  of  drops  embedded  into  large,  coherent 
vortices  is  described  using  a  formulation  which  is  valid  for  both  dense  and 
dilute  clusters.  Drops  and  gas  interact  both  dynamically  and  thermodynamically. 
Dynamic  coupling  occurs  through  a  force  on  the  drops  due  to  drag  resulting  from 
a  slip  velocity  between  the  two  phases.  The  net  interaction  force  on  the  gas 
with  drops  is  due  to  a  source  thrust  from  evaporation  plus  drag  on  each  drop. 
The  drag  coefficient  accounts  for  blowing  from  the  drop  surface.  Thermodynamic 
coupling  is  a  result  of  drop  heating  and  evaporation.  Limitations  due  to  drop 
proximity  on  heating  and  evaporation  are  taken  into  account. 

The  vortical  motion  of  the  drops  in  the  cluster  results  in  the  formation  of 
a  core  region  devoid  of  drops  at  the  center  of  the  vortex,  and  a  shell  region 
containing  the  drops  and  surrounding  the  inner  core.  Results  are  presented 
showing  the  dependence  of  the  evaporation  time,  the  final  to  initial  volume 
ratio  and  the  final  to  initial  shell  thickness  ratio  upon  the  initial  air/fuel 
mass  ratio  and  as  a  function  of  the  initial  tangential  velocities,  upon  the 
initial  Stokes  number,  initial  drop  radius  and  initial  outer  cluster  radius. 
Differences  in  behavior  between  and  control  parameters  of  dense  and  dilute 
clusters  are  pointed  out.  It  is  found  that  for  dense  clusters  the  final  to 
initial  volume  ratio  and  final  to  initial  shell  thickness  scale  with  the  initial 
Stokes  number. 
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*■  I.  INTRODUCTION 

Liquid  fuel  sprays  are  composed  of  many  regions  which  are  distinguished  by  the 
important  phenomena  influencing  the  fate  of  both  gas  and  drops.  As  the  drops  exit 
the  atomizer,  the  drops  which  are  in  the  spray  core  penetrate  the  gas  phase  and 
interact  with  small  scale  turbulent  eddies  before  they  vaporize  and  burn.  In 
contrast,  the  drops  which  are  at  the  edge  of  the  spray  get  entrained  into  the 
larger  scale  vortical  structures  produced  by  the  shear  layer  between  the  spray  ana 
the  surrounding  gas,  and  their  fate  is  closely  related  to  that  of  these  larger 
eddies.  This  physical  picture  emerges  from  the  recent  experiments  of  Lazaro  and 
Lasheras^’^)  who  observed  a  plane,  two-dimensional,  turbulent  mixing  layer  formed 
retween  a  one-dimensional  uniform  liquid  spray  and  a  stagnant  air  flow.  These 
experimental  observations  showed  that  the  larger  coherent  vortices  at  the  edge  of 
the  spray  play  a  critical  role  because  not  only  do  they  control  the  entrainment  of 
air  into  the  spray,  but  also  they  determine  the  drop  number  density  and  size 
distribution  throughout  the  mixing  region.  As  the  particles  are  entrained  into 
these  eddies,  they  are  centrifuged  to  the  outer  part  of  the  eddy  leaving  behind  a 
core  devoid  of  particles.  Similar  observations  of  particle  dispersion  in  plane 
mixing  layers  have  previously  been  made  by  Kamalu  et.  al.(3) 

The  mathematical  modeling  of  evaporating  particles  dispersing  in  large, 
coherent  vortices  is  a  challenging  task  due  to  the  many  coupled  phenomena  involved. 
The  drops  motion  is  coupled  to  the  gas  motion,  although  to  which  extent  it  is  still 
not  known(4).  Crowe  et  al.(4)  point  out  that  the  coupling  between  particles  and  gas 
is  a  function  of  the  Stokes  number,  St,  which  is  a  ratio  of  the  aerodynamic  time 
and  the  fluid  time.  If  St> 1 ,  the  particles  exit  the  vortex  and  do  not  interact  with 
it.  If  St<<  1 ,  the  particles  follow  entirely  the  gas  motion.  If  St-0 ( 1 ) ,  the 
particles  have  enough  time  to  interact  with  the  gas  and  eventual  relaxation  of  the 
slip  velocity  between  phases  occurs.  Clearly,  there  are  other  factors,  such  as 
particle  number  density  and  evaporation  effects,  which  also  influence  the  particle- 
fluid  interaction. 
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Most  existing  models  have  so  far  addressed  the  situation  of  dilute  and/or  non¬ 
evaporating  particle  dispersion  in  large  vortices.  Such  models  can  be  found  in 
Chung  and  Troutt^),  Lazaro  and  Lashcras(2),  Yang(fi)  and  Yang  and  Sichel(^). 
However,  recent  experimental  results  have  revealed  that  particles  cluster  in  a 
spray  and  that  these  clusters  can  be  both  dilute  and  dense^®’®).  In  fact,  flames 
have  been  observed  in  sprays  around  clusters  of  drops^®**’)  rather  than  indivi¬ 
dual  drops  suggesting  that  the  dense  clusters  of  drops  injected  by  the  atomizer 
persist  in  their  dense  configuration  during  burning. 

In  contrast  to  the  existing  model s(®"7) ,  the  present  model  of  particle 
dispersion  in  large  coherent  vortices  describes  evaporating  drop  clusters  that  can 
be  either  dilute  or  dense.  Thus,  one  can  identify  the  different  behavior  of 
initially  dense  and  initially  dilute  clusters  of  drops,  and  determine  the 
controlling  factors  for  evaporation  and  dispersion  in  the  two  different  cases. 

II.  PHYSICAL  PICTURE  AND  MODEL 

Figure  1  depicts  the  configuration  which  is  modeled  here.  A  cylindrical 
cluster  of  single-component  fuel,  uniformly  distributed,  monosize  drops  of  radius  R 
is  embedded  into  a  cylindrical,  infinite,  vortical  structure.  Uniformity  is  assumed 
in  the  axial  direction,  z,  so  that  an  axial,  two-dirfiensional  section  is  representa¬ 
tive  of  the  configuration.  Uniformity  is  also  assumtu  in  the  azimuthal  direction, 
9.  There  are  no  body  forces,  ,the  pressure,  p,  is  atmospheric  and  the  far  field 
conditions  (subscript  "«")  are  given. 

Both  drops  and  gas  have  radial  and  azimuthal  velocities,  respectively  u^r, 

s 

ugr>  ud0  anc*  ug0'  which  are  functions  of  time,  t,  and  the  radius,  r,  from  the 
vortex  center.  The  boundary  of  the  cluster  is  the  envelope  of  the  drops  which 
becomes  in  the  two  dimensional  representation  of  Fig.  1  an  inner,  R^n(t),  and  an 
outer,  R(t),  boundary.  The  inner  surface  develops  with  time  as  a  result  of  the 
centrifugal  force  created  by  vortical  motion.  Inside  the  cluster  each  drop  is 
imagined  surrounded  by  a  fictitious  sphere  of  influence  whose  radius,  a,  is  the 
half  distance  between  the  centers  of  two  adjacent  drops^),  Thus,  the  volume  of 
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%  •  the  cluster,  V,  is  that  of  the  spheres  of  influence  and  the  space  between  the 

spheres  of  influence.  The  liquid  in  each  drop  has  a  temperature  which  is  a 

function  of  t  and  the  radius  from  the  drop  center,  r^.  The  gas  inside  each  sphere 

of  influence  has  a  density  pg  and  temperature  Tg  which  are  both  functions  of  t  and 
r^.  The  composition  of  the  gas  inside  the  sphere  of  influence  is  given  by  the  mass 
fraction  of  the  "j"  various  compounds,  Yj(t,rcj).  At  the  edge  of  the  sphere  of 
influence  the  gas  temperature,  density  and  mass  fractions  are  respectively  Tga(t), 
;ga(t)  and  Yja(t)  which  are  also  the  uniform  values  in  the  spaces  between  the 

spheres  of  influence.  Thus,  whereas  the  velocities  of  drops  and  gas  are  functions 
of  (t,r),  on  a  large  length  scale  equivalent  to  many  drop  radii  the  cluster  is 
assumed  spatially  homogenous  in  thermodynamic  quantities.  This  assumption  is 
consistent  with  the  goal  of  describing  the  cluster  behavior  globally.  Consistent 
with  the  monodisperse  assumption,  the  drop  number  density,  n,  is  independent  of  r. 

The  equations  for  the  drops,  the  gas  and  the  global  cluster  equations  are: 

A.  Drops ,  In  Eulerian  coordinates  the  conservation  equations  are: 

(i)  Continuity. 

££  +  I  -2—  (r  n  UHr)  =  0  (1) 

at  r  dr 

(ii)  Momentum. 

I"d  +  udr  -  1  u2d*  -  Fdr  (2) 

at  dr  r 

md  +  udr  ^udfl  +  1  udr  uda  *  Fda  (2) 

at  -  dr  r 

where  F<j-  -0.5  pg  A<j  Cg|u*s|u^  is  the  Force  on  the  drops,  F(jr  and  F^  are  its  compo¬ 
nents,  A(j  is  the  drop  cross-sectional  area,  Cq  is  the  drag  coefficient,  is  the 
drop  mass,  and  u^«u<j-u^  is  the  slip  velocity  where  u^  and  are  drop  and  gas  velo¬ 
cities  respectively.  As  a  result  of  the  previous  assumptions,  m<j  is  independent  of 
r.  Cq  accounts  for  surface  blowing  from  the  drops^2*^). 

(iii)  T(j  is  found  by  solving  the  liquid  conduction  equation  coupled  through 
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the  boundary  conditions  with  the  equations  for  the  gas  inside  the  sphere  of  influ- 
ence(14'15).  The  gas  inside  the  sphere  of  influence  obeys  the  ideal  gas  lawU4>15). 

(iv)  The  Langmuir-Knudsen  law  is  used  to  describe  evaporation^) . 

B.  Gn  In  Eulerian  coordinates  the  conservation  equations  are: 

(i)  Continuity 

dpg  1  d  # 

JT'rTr  (r'9  V>  '  ""  (4) 

where  m  =  -  dm^/dt  is  the  drop  evaporation  rate. 

(ii)  Momentum.  The  flow  is  considered  inviscid,  consistent  with  the  high 
Reynolds  number  situations  treated  here. 

augr  sugr  1  ]  sp 

p9  —  +  U9r  ~  '  7  U  9*  +  Tr  "  F9r  (5) 

3Ug^  <3Ugg  1 

pg  +  ugr  +  -  ugr  ugtf  =  Fg*  (6) 

4 

—  •  — .  ^ 

where  Fg=n(m+0.5/jgAcjCQ|us|)us  is  the  force  exerted  on  the  gas;  Fgr  and  Fgs  are  its 

components.  Eq.  (5)  determines  the  dynamic  pressure  which  is  the  very  small 

deviation  from  the  constant  thermodynamic  pressure.  Since  it  is  assumed  that  the  p 
is  constant  Eq.  (5)  is  not  used. 

(iii)  The  ideal  gas  law  is  used. 

C.  Global .  The  global  conservation  equations  for  the  cluster  are  transient 

and  account  for  phase  change  and  contributions  due  to  transport  across  the  cluster 

surface(s).  There  are  two  types  of  boundary  conditions  which  occur  at  the  cluster 

outer  boundary  (subscript  "o")  according  to  the  sign  of  F(r)*2jrr(udr-ugr) :  (a)  if 
Fo-F(R)>0,  then  Tg0«Tgco  and  Yjo-Yj,,  and  (b)  if  Fo-F(R)<0,  then  Tgo-Tga  and 
Yj0*Yja.  At  the  inner  boundary,  (subscript  "in"),  Tgin-Tga,  and  mass  and  fuel 
exchange  across  that  boundary  are  due  to  fluxes  pgF,n  and  pgYpvF^n  respectively, 
where  Ffn-F(Rjn),  subscript  "Fv"  denoting  fuel  vapor.  Thus  for  the  core  the  global 
continuity  equation  is 

iL  (*R^in  pg)  *  pg  Fin  (7) 
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(8) 


•  and  the  fuel  vapor  conservation  equation  is 
^  (*^in  YFvc)  =  ^g  YFv  ^in 

where  Ypvc  is  fuel  vapor  mass  fraction  (assumed  uniform)  in  the  core  and  Ypv  is  an 
average  value  of  Ypv  in  a  sphere  of  influence.  The  cluster  gas  mass,  air  mass,  and 


enthalpy  are  defined  respectively  as 


Nmg  =  2*N 


r  dr  +  (S  -  *a2N) 


NHg  =  2jtH 


i r  =  2^-N  pg  (1  -  Ypv)  r  dr  +  (S  -  *a2N)  pga  (1  -  Ypva) 

R 

a 

N  Pg  Cp  Tg  r  dr  +  (S  -  *a2N)  pg a  Cp  Tga 

J  n 


where  N  is  the  number  of  drops  per  unit  vortex  length,  Cp  is  the  gas  heat  capa¬ 
city  at  constant  pressure,  the  reference  temperature  is  zero  and  S-w^R2-!?2^) . 
Under  the  assumption  of  a  very  small  Mach  number  the  global  conservation  equa¬ 


tions  are 


dmq  #  1 


___  *  m  +  -  [pga  (F0  -  Fin)]  U2) 

dmair  Pqa  2n,^q0O 

-  =  -  [(1  *  YFvo)  F0  -  (1  -  Ypva)  Fin]  +  (YFva  *  YFv«)  (13) 

dt  N  N  Sc 


d  md  o  .  f 

-tt—  Hg  +  y  <  u'fd>r  *  m  j  cpFv  Tgs  ' 


Cp  (Tga  -  Tg s ) 
exp  {C[Z(Rj)  -  Z(R2)])  -  1 


Cn  pqa  ^jr^iqeo 

— jj -  (Tgo  F0  -  Tga  Fin)+  yjy  Cp  (Tg<a  -  Tga)  ^ 

where  C=-m/ [4«-<pg  D)*  R®] ,  ng  is  the  gas  viscosity,  Sc  is  the  Schmidt  number,  Pr  is 
the  Prandtl  number,  D  is  the  diffusivity,  TgS  is  the  gas  temperature  at  the  drop 
surface,  <  >r  denotes  a  radial  average,  Rj-R/R®  (superscript  "0"  denotes  initial 
conditions),  R2«a/R^  and 


Z(y)  -  (eg-)1 


y2  9g  0.65 
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with  y-rj/ rO  and  e=Cp  Tg/L5n,  Lbn  being  the  latent  heat  of  evaporation  at  the 
normal  boiling  point.  The  details  of  the  solution  for  Tglt.r^)  involving  the 
function  Z(y)  are  explained  elsewhere^) .  in  all  the  calculations  Sc*Pr»0.8  was 
taken.  Vortex  stretching  is  not  considered,  hence  N  is  constant.  By  definition 
St=2p^R^<U(j0 >f/ (9/igR) . 

III.  SOLUTION  PROCEDURE 

A  slip  relaxation  frequency  is  defined  us=pg  A<j  Cq  |u^|/(2md)  which  is  indepen¬ 
dent  of  r  when  Re<j  <<1  (Stokes  regime).  For  larger  Re<j,  consistent  with  the  present 
global  approximation,  i/s  is  averaged  over  r. 

The  velocities  are  taken  to  have  the  following  functional  form: 


uik  (t,  r) 


^ikU)  ^ 

— - -  +  r  B1k(t)  +  r3q  Cik(t) 


(16) 


•* 


where  i=d,g;  k=r,0;  q=0  for  k=r;  and  q=l  for  k»0.  In  Eq.  (16),  Aik's  are  the 
irrotational  part  of  the  solution  resulting  from  a  line  vortex,  Bik's  represent  the 
solid  body  rotation  or  spin  and  C^'s  represent  a  distortion.  A  solution  is  sought 
for  which  there  exists  a  self-similar  radial  drop  motion  with  the  similarity 
parameter  $=(r2-R2in)/(R2-R2in)  which  is  fixed  for  a  given  drop.  Additionally,  the 
radial  drop  momentum  equation  is  averaged  by  taking  its  first  two  moments  with 
respect  to  £.  Thus,  whereas  the  tangential  velocities  are  solved  for  exactly,  the 
radial  drop  velocity  distribution  is  solved  for  approximately.  To  solve  for  the 
velocities,  their  functional  forms  are  replaced  into  the  azimuthal  equations  which 
are  now  transformed  into  polynomials  in  r  whose  coefficients  are  then  null.  This 
gives  nonlinear,  coupled,  OuE's  for  A^'s,  B^'s  and  C^'s.  It  turns  out  that  if 
C°ik's=0  then  C -j ^ ( t )  — 0  which  is  the  choice  here.  Agr  and  Bgr  are  determined 
algebraically  from  boundary  conditions  and  consistency  considerations. 

The  given  initial  conditions  are:  the  initial  air/fuel  mass  ratio,  R°,  R°, 
R°in»  T°gs,  Y°js,  T°ga-Tg<B,  A^fc's  and  B°ik's.  Due  to  lack  of  experimen¬ 
tal  data  regarding  velocities  of  gas  and  drops  in  large  vortical  structures  the 
choice  was  made  to  take  A°ir«B^r-0  so  that  the  drops  have  initially  only  tangen- 
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tial  velocities.  The  dependent  variables  for  which  solutions  are  found  are:  n(t), 
m(  t) ,  udr(t,r),  ugr(t, r) ,  udtf(t,r)  ug*(t,r),  R(t),  R*in(t),  Tgs(t),  Tga(t),  Pga(t), 
Yjs(t),  Y j a ( t )  and  R(t).  Solutions  obtained  on  a  UNIVAC  1100  require  in  average  4 
sec  of  CPU  time  per  solution,  the  computation  ending  when  Rj  *  0.04. 

IV.  RESULTS 

All  calculations  for  which  results  are  presented  here  were  performed  for  n- 
decane.  The  values  of  the  physical  constants  used  in  the  calculations  are  given 
el sewheret-4) .  The  specified  far  field  conditions  are  p»latm,  Tga)  and  Yj*. 

A  substantial  number  of  calculations  were  performed.  General  observations  show 
that  the  short  time  behavior  of  the  solution  is  dominated  by  relaxation  of  the 
initial  conditions.  This  implies  that  quantative  agreement  with  experimental  obser¬ 
vations  requires  correct  initial  conditions  since  it  is  during  this  initial  period 
that  most  mass  is  evaporated.  The  long  time  behavior  shows  generally  weakly  varying 
Yj's,  Pg,  Tg,  n,  and  sometimes  Ag^  and  Bg^,  and  also  a  self  similar  variation  of 
both  the  liquid/gas  mass  ratio  and  with  Rj.  This  implies  that  perhaps  some 
correlations  could  be  extracted  from  these  calculations  for  usage  in  large  codes. 

According  to  the  discussion  of  Crowe  et  al.t4)  St°  was  chosen  0(1)  or  less  to 
insure  that  the  particles  stay  confined  to  the  vortex.  Figure  2  shows  the  evapora¬ 
tion  time,  tevap,  versus  for  four  choices  of  initial  velocities  made  to  pur¬ 
posely  delineate  the  separate  effects  of  vortex  and  spin  motion.  The  range  of  ^°'s 
goes  from  an  initially  dilute  cluster  corresponding  to  stoichiometric  conditions 
for  n-decane  (^=*15.7)  to  a  dense  cluster  of  drops  at  an  equivalence  ratio 
4>s-0.01.  For  two  choices  of 'initial  velocities  B°gtf*  2B°d^-103  sec'1) 

the  calculations  could  not  be  performed  for  ^-0.01  because  saturation  occurred 
before  complete  evaporation.  This  emphasizes  the  importance  of  the  initial  spin 
motion  in  the  dense  cluster  regime.  B^  turns  out  to  be  more  important  in  this 
regime  than  B°g^.  In  the  dilute  cluster  regime  the  reverse  is  true.  A  comparison 
between  the  results  of  Fig.  2  also  shows  that  A^  and  B0g$  affect  evaporation  in 
both  dense  and  dilute  regime.  As  decreases,  two  regimes  appear  to  exist.  When 
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*°£l,  tevap  is  not  a  strong  function  of  *°,  but  as  decreases,  the  gas 
temperature  decreases,  the  total  vapor  fuel  loss  from  the  cluster  decreases  and 
Ypvc  increases  while  the  cluster  expansion  also  increases.  If  B0^  *0  and  B°g5  *0, 
the  mass  loss  from  the  cluster  decreases  as  4P  increases,  whereas  when  B^-B^-O 
increasing  mass  gain  occurs.  When  tevap  increases  substantially  and  is  a 
strong  function  of  the  initial  velocities.  For  the  first  l-2ms  (Ri<0.8),  n 
decreases  sharply  as  the  drop  velocity  angle  from  the  tangent  increases  from  zero 
to  its  maximum;  this  maximum  increases  as  decreases.  The  largest  maximum  angle, 
52°,  is  obtained  for  the  run  where  numerically  A^g5*B°(j^>2A^(j5-2B®gS»103 .  During 
this  initial  period,  n  relaxes  to  0(104cm'3)  which  means  physically  that  for  this 
size  of  drops  and  velocities,  a  vortex  cannot  support  a  cluster  of  larger  n  without 
disintegrating.  The  ratio  of  the  final  to  initial  volume  ratio,  vfyv0,  also 
depicted  in  Fig.  2,  increases  with  decreasing  00  because  as  there  is  more  liquid 
mass  in  the  cluster,  the  centrifugal  force  is  larger,  and  thus  there  is  more 
expansion.  The  illustration  also  shows  the  importance  of  8°^  and  B°g5.  For 
B°d0=B°g0=O,  there  is  no  volume  expansion  in  the  dilute  regime  and  the  volume 
expansion  in  the  dense  regime  is  entirely  due  to  the  irrotational  motion  since 
Bd0(t)=Bg0 (t)=0.  As  irrotational  motion  tends  to  pack  or  compact  the  particles 
(because  the  part  of  the  centrifugal  force  proportional  to  A^'s  has  a  r'3 
dependance)  as  R  increases,  the  ratio  of  final  to  initial  shell  thickness, 

R^i n )/ ( R^-R® i n )  (superscript  "f"  denotes  "final",  occurring  at  Rj*0.04),  stays 
below  unity  for  all  ^'s.  jn  contrast,  solid  body  rotation  tends  to  pull  apart  the 
cluster  (because  the  part  of  the  centrifugal  force  proportional  to  B^'s  has  a  r 
dependance)  as  R*  increases,  and  thus  the  largest  vfyv0  and^are  obtained  with  the 
largest  B0^.  The  decrease  in  3(  ,  with  increasing  ^  can  be  explained  by  the  fact 
that  in  all  cases  A°gS>A®(j^.  For  t>o,  irrotational  motion  is  transferred  from  gas 
to  the  drops,  however  for  a  leaner  mixture  (and  more  dilute  cluster)  the  same 
momentum  is  transferred  to  less  mass  resulting  in  a  larger  increase  in  A^  versus 
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Rj.  Thus  the  drops  will  be  centrifuged  out  with  more  packing  than  for  the  dense 

* 

clusters,  and  thus  the  shell  will  stay  thinner. 

Figure  3  shows  the  dependence  of  tevap,  Vf/V°  and  upon  St°  for  initially  dense 
clusters  of  drops  (n°>104  cm'3).  As  expected,  tevap  does  not  correlate  with  St*3; 
tgvap  increases  with  R*3  and  decreases  with  increasing  initial  velocities.  Here  R*3 
was  varied  between  10'3cm  and  5xl0'3cm  and  numerically  A^-B*3^  were  varied 
between  50  and  103.  When  St*3  is  constant,  the  smallest  tevap  corresponds  to  the 
smallest  R°  and  largest  velocity.  One  of  the  most  important  findings  of  this  study 
is  that  Vf/V°  and  correlate  very  well  with  St°  and  that  there  is  a  very  small 
dependence  upon  when  St*3  is  small,  vfyv*3  increases  with  St*3  because  if  the 
initial  drop  velocity  is  larger,  a  larger  expansion  is  obtained  as  explained  above, 
or  if  R°  is  larger,  tevap  is  larger  and  thus  there  is  more  time  for  expansion. 
V*7v°  also  increases  with  decreasing  because  denser  clusters  have  more  momentum 
resulting  in  a  larger  expansion.  When  St*3  is  small  the  drops  follow  more  closely 
the  gas  motion.  In  the  case  of  dense  clusters,  if  B*3^  is  small,  no  new  gas  is 
entrained  into  the  cluster  and  thus  cooling  and  contraction  occur,  evidenced  by 
vf/V°<l.  These  results  are  consistent  with  previous  findings^)  wi th  St°=Q, 
showing  contraction  for  dense  clusters  of  drops.  Now  if  R*3  is  small,  evaporation  is 
fast  and  no  new  gas  penetrates  the  cluster  before  complete  evaporation.  During  this 
time  cooling  and  contraction  occur  again. Q  is  a  decreasing  function  of  ***  because 
denser  clusters  have  more  mass  and  as  the  drops  move  out  radially  they  loose  solid 
body  rotation  and  acquire  irrotational  motion.  For  smaller  the  same  momentum  is 
transferred  through  vortex  motion  to  more  mass  and  thus  increases  less,  result¬ 
ing  in  less  packing,  thus  larger 3L  .  In  general  <1  because  the  acquisition  of 
vortex  motion  by  the  drops  makes  the  shell  thinner  since  the  outer  cluster  boundary 
moves  less  than  the  inner  cluster  boundary.  For  small  St*3  there  is  strong  coup¬ 
ling  between  phases  and  the  drops  move  first  inward  and  then  outward.  It  is 
conjectured  that  at  fixed  4P  the  minimum  in  is  obtained  when  the  irrotational 
motion  is  most  important  with  respect  to  solid  body  rotation.  As  St*3  decreases 
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further  [St°-0( 10* 1 ) ] ,  a  curve  crossing  is  observed  for  the  two  values  of  used 
here.  This  is  consistent  with  previous  findings(^)  that  when  St°*0  and 
decreases,  there  is  more  cooling  of  the  gas,  and  for  dilute  mixtures  R*  stays 
constant.  For  large  St^  the  interaction  between  phases  is  weak  and  the  drops  do  not 
acquire  much  vortex  motion.  Thus  solid  body  rotation  dominates  resulting  in  shell 
thickening  as  seen  in  Fig.  3. 

The  description  given  above  is  confirmed  by  plots  versus  and  also  versus  A^g9» 
B°<j0.  At  fixed  St°,  both  vfyv®  and  3.  are  independent  of  R°.  When  R^  is  very  small 
this  conclusion  slightly  deteriorates  due  to  the  dominance  of  cooling  generated 
contraction.  When  R°  is  fixed  and  A^-B^  increases,  greater  final  expansion, 
larger  final  mass  gain  and  fuel  loss  to  the  cluster,  smaller  tevap  and  larger  Tga 
are  obtained. 

Figure  4  shows  the  dependence  of  tevap  and  V^/V^  upon  R^.  When  R®  is  small  and  R^ 
decreases  the  surface  to  volume  ratio  of  the  cluster  increases  and  thus  there  is 
more  interaction  with  the  ambient.  As  a  result  Tga  stays  larger  and  tevap 
decreases.  When  R°  is  large  and  R®  increases,  the  surface  to  volume  ratio  of  the 
cluster  decreases,  and  thus  interactions  with  the  ambient  are  more  difficult. 
However,  the  initial  slip  velocity  increases  with  R°  for  given  spin  because  it  is  a 
runction  of  r.  This  results  in  increasing  convective  evaporation  yielding  a  slight 
decrease  in  tevap.  A  plausible  explanation  for  vfyv®  increasing  with  decreasing *R® 
(except  when  the  initial  shell  thickness  is  constant)  is  as  follows:  Smaller 
clusters  reside  in  the  inner  vortex  part  dominated  by  irrotational  motion,  whereas 

s 

larger  clusters  have  more  mass  in  the  outer  part  of  the  vortex  dominated  by  spin. 
Since  the  centrifugal  force  is  a  stronger  function  of  the  irrotational  motion  than 
of  spin  as  R^  decreases,  for  smaller  clusters  there  is  a  larger  centrifugal  force 
if  there  is  strong  coupling  between  Agj  and  which  Is  what  happens  for  dense 
clusters.  This  results  in  more  expansion  and  thus  larger  vfyv^.  When  the  initial 
shell  thickness  is  constant,  as  fiP  increases  spin  becomes  relatively  more  important 
than  in  the  other  cases  because  here  there  is  not  much  liquid  mass  in  the  core. 
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Because  larger  clusters  have  generally  more  spin  and  thus  a  larger  centrifugal 
force,  the  expansion  is  larger  and  vfyv®  increases. 

In  Fig.  5,5Lis  plotted  versus  R®.  As  explained  above,  when  increases  spin 
dominates,  resulting  in  a  larger  drop  dispersion  and  thusJt increases.  In  contrast, 
when  R°  decreases,  irrotational  motion  dominates,  resulting  in  more  packing  of  the 
drops  and  thus  £  decreases. 

V.  SUMMARY  AND  CONCLUSIONS 

A  formulation  has  been  presented  which  describes  the  evaporation  of  clusters  of 
drops  in  large,  coherent,  vortices.  The  model  takes  into  account  the  dynamic  and 
thermodynamic  interactions  between  drops  and  gas  and  is  valid  for  both  dense  and 
dilute  clusters  of  drops. 

The  results  show  the  importance  of  both  B®d$  and  B®g$  for  achieving  complete 
evaporation  in  the  dense  cluster  regime.  By  increasing  B®^  and  B®g5,  complete 
evaporation  is  achieved  in  cases  where  saturation  would  be  obtained  otherwise.  It 
was  also  found  that  vfyv®  and  are  both  decreasing  functions  of  *®  due  to  the 
larger  mass  thus  larger  centrifugal  force)  as  the  mixture  is  richer,  and  also 
due  to  the  complex  interplay  between  irrotational  motion  and  solid  body  rotation  in 
affecting  the  fate  of  the  drops. 

Results  obtained  for  dense  clusters  of  drops  show  that  tevap  does  not  correlate 
with  St®.  In  contrast,  both  vfyv®  and  ^  correlate  very  well  with  St®.  This  result 
-is  very  significant  for  experimentalists  and  designing  engineers  and  also  gives  a 
way  to  qualitatively  check  this  theory  without  needing  a  precise  measurement  of  n 
providing  n®>104cm'3.  When  St®  is  small  the  behavior  is  dominated  by’evaporative 
cooling  and  cluster  contraction  whereas  when  St®  is  large  expansion  is  due  either 
to  larger  initial  velocities  or  larger  evaporation  time.  At  constant  St®,  tevap 
increases  with  R®,  but  both  vfyv®  and  $  are  Independent  of  R®. 

The  results  show  also  that  tevap  Is  a  nonmonotomic,  convex  function  of  R®, 
although  the  variation  when  R®  is  large  is  slight.  Since  when  R®  is  small  tevap  is 
a  strongly  Increasing  function  of  ft®  this  means  that  by  slightly  decreasing  R®  one 
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could  achieve  important  reductions  in  tevap.  vfyv®  is  a  decreasing  function  ofl^, 
except  when  the  initial  shell  thickness  is  constant,  in  which  case  it  is  an  in¬ 
creasing  function  of  R^.^is  an  increasing  function  of  characterized  by  drop 
packing  and  she! 1 -thinning  for  small  R°,  and  drop  dispersion  and  shell -thickening 
for  large  values  of  R^. 

The  confirmation  of  all  the  above  results  awaits  comparison  with  experimental 
observations  which  so  far  are  lacking,  except  for  the  dilute  cluster  regime  and/or 
non  evaporating  case.  In  the  dilute  regime  the  present  model  predicts  qualitatively 
the  global  observations  of  the  experiments^’2,3) t  but  detailed  comparisons  cannot 
be  made  due  to  the  fact  that  the  more  realistic  case  of  the  evaporating  drops  was 
treated  here.  In  the  present  calculations  an  efficient  computational  procedure  was 
developed  using  the  drop  radius  as  the  advancing,  time-like  variable.  This 
procedure  precludes  comparisons  with  the  non-evaporating  drops  experiments. 
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Figure  1 


Figure  2 


Figure  3 


Figure  4 


Figure  5 


Physical  situation  studied.  Rin  and  R  are  both  located  in  the  free 
vortex  part  of  the  line  vortex  which  is  located  at  the  center  of  the 
cluster. 

Variation  of  the  evaporation  time,  volume  ratio,  final  shell  thickness 
and  shell  thickness  ratio  versus  the  initial  air/fuel  mass  ratio.  T°ga 
=  1000K,  Tugs  =  350K,  Y°Fva  =  0,  R°  =  2xl(r3cm,  'rO  =  1.0cm,  TPin  = 
0.25cm,  fi2  =  0.734  g/cm3  Cp  =  0.241  cal/gK,  CpFv  =  0.4  cal/gK,  Lbn  = 
73.92  cal/g. 

Variation  of  the  evaporation  time,  volume  ratio,  final  shell  thickness 
and  shell  ratio  with  the  initial  Stokes  number  for  initially  dense 
dusters  of  drops.  T°ga  =  1000K,  T°ga  =  350K,  Y°Fva  =  0,  'r0  =  1.0  cm, 
R°in  =  0.25cm,  A°d(?  =  B°g5  *  0,  p£  =  0.734g/cm3,  Cp  =  0.241  cal/gK, 
CpFv  ■  0.4  cal/gK,  Lbn  =  73.92  cal/g. 

Evaporation  time  and  volume  ratio  versus  the  initial  outer  radius  of 
the  cluster.  T°ga  -  1000K,  T°gs  =  350K,  Y°pva  .  0,  A°d*  =  B°g9  =  0, 
A%  (cm3/ sec)  =  B°ds  (sec*1)  =  103,  Pl  -  0.734g/cm3,  Cp  =  0.241 
cal/gK,  CpFv  =  0.4  cal/gK,  Lbn  =  73.92  cal/g,  R°  =  2xl0*3cm. 

Variation  of  the  final  shell  thickness  and  shell  thickness  ratio  with 
the  initial  outer  radius  of  the  cluster.  T°ga  *  1000K,  T°gs  =  350K, 
Y°Fva  ■  °*  A°d*  *  B°g#  -  °»  A°g0  (cm2/sec)  -  B°d5  (sec’1)  -  103,  Pi  = 
0.734g/cm3,  Cp  -  0.241  cal/gK,  CpFv  -  0.4  cal/gK,  Lbn  =  73.92  cal/g,  R° 
■  2xlO'3cm. 
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